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This thesis investigates a near-concentric cavity with a strongly focused
mode for achieving strong interaction of cavity field with a single atom
in the perspective of cavity quantum electrodynamics (QED) experiments.
The diffraction loss limits the finesse of the cavity at the near-concentric
regime. In order to observe the drop in finesse due to diffraction loss in
the near-concentric regime, a cavity with plano-concave mirrors is formed.
The experiment results shows that, aberrations in the optical system cause
the coupling of the input mode to higher order modes and limit the cou-
pling to the fundamental mode of the cavity. Modes of a near-concentric
cavity are very close to each other. The modes eventually overlap and the
overall transmission linewidth appears to be broadened. This effect makes
it difficult to observe cavity QED phenomena. A numerical simulation of
the experiment was performed to quantify the affect of the aberrations to
the linewidth broadening. The input optical mode is decomposed into the
(first 50) modes of the cavity. It is concluded that one needs to eliminate
the aberrations in order to perform cavity QED experiments.
We suggest an anaclastic cavity mirror design such that the mode-matching
is done with one surface and the second surface is a cavity mirror. Exper-
iment results of this cavity show that the cavity is diffraction limited, and
aberrations are not signicant to affect the transmission linewidth (finesse).
Estimated cavity QED parameters of this cavity shows that large cavity-
single atom cooperativity values up to 150 should be achievable. This shows
that there is no need for sophisticated dielectric coatings of the mirror sur-
face or fiber-based cavity systems for achieving strong interaction of cavity
with a single atom.
The fact that this cavity has large mirror separation and cavity volume
makes it possible to form a magneto-optical trap (MOT) at the center of
the cavity. In order to demonstrate this, we formed a MOT at the center
of the cavity. The observation of MOT at the center of the anaclastic
cavity shows that it is feasible to perform cavity QED experiments with
this setup. Large mirror seperation is also advantageous for ion trap QED
x





2.1 Ray transfer matrices for simple optical components and surfaces that
are useful for mode-matching calculations. The distance traveled by light
in the medium is d, n1 and n2 are the refractive index of the initial and
the final medium (or vacuum), R is the radius of curvature and R > 0 for
convex (center of curvature after the interface) for refraction and R > 0
for concave for reflection, f is the focal length of the thin lens, where
f > 0 for converging lens.The thin lens approximation is only valid when
the focal length is much greater than the thickness of the lens. . . . . . 25
4.1 Coupling of the input mode into first ten modes (with no azimuth index,
l = 0) for the three data points in figure 4.2 with highest focusing pa-
rameter values where the coupling to higher order modes are significant. 51
6.1 The lasers required for working with 87Rb, addressed transitions and
corresponding vacuum wavelengths. There are three alternative lasers
for a single atom trapping of a pre-cooled 87Rb atom via a far-off resonant




2.1 Gaussian beam parameters: ω0 is the beam waist, w(z) is the beam
radius at z, R(z) is the radius of curvature of the wavefront at z and zR
is the Rayleigh range at where ω(z) =
√
2ω0. The beam waist is at z = 0. 7
2.2 Ratio of the mode separation between two successive transverse modes
over free spectral range as a function of cavity length divided by the
radius of curvatures of the cavity mirrrors. At confocal configuration
(corresponding x-axis value is 1) the mode separation is the half of a
free spectral range and they are equal at concentric configuration (cor-
responding x-axis value is 2). . . . . . . . . . . . . . . . . . . . . . . . . 10
2.3 First 12 Laguerre-Gaussian modes, l is the azimuthal index and p is the
radial mode index in TEMlp. . . . . . . . . . . . . . . . . . . . . . . . . 11
2.4 The electric field Ein of a collimated beam (planar wavefront) with a
Gaussian profile is transformed into a focusing field EF with a spherical
wavefront by a thin ideal lens with a focal length f resulting in a field
amplitude EA at the focus of the lens. . . . . . . . . . . . . . . . . . . . 12
2.5 The shaded area is the stable region according to the stability crite-
rion (equation 2.30). The diagonal line shown in figure corresponds to
symmetric resonators i.e. both mirrors have same radius of curvature.
Resonators with different geometries are shown on the stability diagram. 16
2.6 The focusing parameter of the TEM00 eigenmode of the cavity as a
function of the cavity length. The vertical lines at R and 2R correspond
to confocal and concentric configurations, respectively. . . . . . . . . . . 18
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mirror center is ∆x. ∆L is equal to the difference of the cavity length
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Interaction of light with atom at single quantum level has an important role in quantum
communication and computation protocols. The quantum information science has been
developed after the discovery of laser cooling techniques two decades ago [1, 2, 3, 4, 5, 6].
For the manipulation of the internal and external degrees of quantum emitters the
lasers became an essential tool. Entanglement and superposition properties of quantum
systems lead to possibilities of quantum algorithms and protocols that are not possible
classically [7, 8, 9, 10, 11, 12]. The interaction of flying quantum bits (qubits) with
stationary quantum systems became one of the key issues for the dream of quantum
computers. Strong interaction of light with an atom is needed to transfer a photonic
qubit into internal atomic degrees of freedom as a stationary qubit. This is essential
to implement quantum light-matter interfaces [13, 14], unless post-selection techniques
are used [4]. Common challenges of this goal are the scalability of the physical systems,
long decoherence time of the qubits, creation of a set of universal quantum gates and
qubit selective measurements. There are many different approaches under interrogation
for the dream of implementation of quantum computers, namely, trapped ions and
neutral atoms [15, 16], spins in nuclear magnetic resonance (NM) [17], cavity quantum
electro-dynamics (QED) [18], superconducting circuits [19], quantum dots [20] and
many others [21, 22]. In this thesis the main focus is the cavity QED.
In free space, a quantum emitter is never isolated from the rest of the universe but
usually the existence of all other objects are negligible since they are far apart. However,
by deliberately placing a dielectric or a conducting object nearby it is possible to perturb
the electromagnetic field in a way that the radiative properties of the emitter changes
1
1. INTRODUCTION
significantly. This effect is known as Purcell effect [23]. While the theory of this effect
was being developed [24, 25, 26, 27, 28], soon enough it was experimentally observed
in microwave [29] and visible [30] range. Cavity QED can be described as dynamics
of atom-light interaction within boundaries for the field. The boundaries changes the
spatial and spectral distribution of electromagnetic field modes comparing to the free-
space case. Thus, it is possible to choose a cavity geometry such that, by influencing
the fluctuations of the quantized radiation field, the Lamb shift and spontaneous decay
rate are changed. In the extreme case, coupling a single atom to only one mode of the
cavity becomes a coupled quantum oscillators whose beat is the exchange of a photon
back and forth between the cavity and the atom. The theory of this phenomenon is first
discussed by Jayne and Cummings in 1963 [31]. With the experimental demonstrations
of this phenomenon it was well understood that electromagnetic fields can be prepared
with an exact number of photons, radiative corrections can be far better than the fine
structure. From this perspective, many physical models have been considered and many
categories of cavity QED phenomena have been identified [32, 33, 34, 35, 36, 37, 38].
Phenomena that are defined with cavity QED usually appear in the regime of strong
atom-cavity coupling, where the interaction of an atom with a single cavity photon is
significant. However, it is challenging to achieve strong cavity-atom coupling experi-
mentally. Experimenters mostly focused on the improvement of two parameters in order
to achieve strong interaction regime: cavity finesse and mode volume. High finesse and
small cavity volume are favorable for increasing the interaction strength. Through min-
imization of the cavity volume, relatively strong atom-cavity coupling has been realized
in both the optical [39, 40] and microwave frequencies [33, 41]. Development of fiber-
cavity technique brought the pursuit of strong interaction of atom-cavity, by minimizing
the volume and maximizing the finesse of cavities, into a new stage [42, 43]. However,
these two parameters are not the only ones that affect the interaction strength. Strong
atom-cavity coupling has been demonstrated in large volume optical cavities by exploit-
ing the combined effect of many spectrally degenerate large-volume modes [38, 44, 45].
It has been theoretically shown that by modifying the homogeneity of the cavity mode
it is possible to achieve strong coupling of the cavity into a single atom [46, 47] with-
out a need for high cavity finesse or small cavity volume. Even without a need for
cavity, a substantial interaction of such an optical mode with a single atom is exper-
imentally realized [48] and theoretically modeled [49] in free-space. In this thesis, we
2
analyze atom cavity coupling from another perspective based on mode geometry, and
show how optical design methods can be exploited to create macroscopic environments
where microscopic quantum optical phenomena play an essential role.
Strongly focused optical mode in free space and cavities can have a significant role
for coupling the light into a single atom [50, 51]. However, there are different cavity loss
mechanisms when a cavity has a strongly focused mode [52]. Such a strongly focused
mode can be prepared by forming a near-concentric cavity, which suffers ,naturally,
from diffraction loss and aberrations in the optical system. In this thesis such loss
mechanisms have been analyzed and a cavity mirror design is suggested that can exhibit
diffraction limited performance. The optical characterization results of an aberrative
cavity design and a suggested cavity design are presented and compared.
The outline of this thesis is as follows: Chapter 2 presents the par axial approxima-
tion and Gaussian beam and relate Gaussian modes into cavity modes. The theory of
a strongly focused mode is explained as the par axial approximation does not apply to
such modes. Different types of cavities and their stabilities are discussed in section 2.2,
and near-concentric cavities are analyzed in detail as it is the main focus of the thesis.
In Chapter 3 the theory of strongly focused mode with a two-level atom is presented,
and related cavity QED parameters are derived. In Chapter 4 experimental results of a
cavity with Plano-concave (aberration) mirrors are discussed and a numerical simula-
tion of the experiment is presented in order to quantify the effect of aberrations in the
system to cavity QED parameters. In Chapter 5 an aberration-free, self-mode-matching
cavity mirror design is presented and optical characterization results are discussed in
the perspective of cavity QED parameters. The results presented in Chapter 4 and 5
are published in [52]. In Chapter 6 the experimental tools and techniques are discussed
and the feasibility of a cavity QED setup with suggested mirror design in the strong
interaction regime is presented and the solutions to encountered technical problems
are discussed. Finally the conclusion and future outlook of possible experiments are




Theory of Optical Resonators
In this chapter, different types of optical resonators and their basic properties are
discussed. There is a rich literature for theory of resonators since the first realization of
maser interferometers [53, 54]. However, here we only discuss the issues that are helpful
to understand the calculations and experiments presented in the rest of the thesis. In
section 2.1 the paraxial wave equation is given and Gaussian beams are introduced as
its solutions. They are also introduced as the resonator modes. In section 2.2 different
types of resonators are discussed in terms of their geometries and stabilities. Near-
concentric resonators are briefly explained in section 2.2.3 and they are discussed in
details in section 2.3.
In section 2.3.1 matching an incoming optical mode to a cavity mode is discussed
and the ray transfer matrix method is introduced for calculating the mode-matching
parameters in section 2.3.1.1. Then the mode-matching concept is discussed specifically
for near-concentric cavities in section 2.3.1.2. The loss caused by finite mirror aperture
is introduced in section 2.3.2 and its effects on cavity parameters are explained.
2.1 Paraxial approximation and beyond
2.1.1 Paraxial wave equation
The electromagnetic wave equation is a second order partial differential equation that
describes the propagation of the electromagnetic wave. When Maxwell’s equations are
used to eliminate the magnetic field, the electromagnetic wave equation is reduced to
5
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the Helmholtz equation for the electric field, E:
(∇2 + k2)E (x, y, z) = 0. (2.1)
Let us assume the propagation direction is z direction, which means that the in-
tensity distribution changes fast in radial directions (x,y). The main change in the z
direction is a plain wave propagation factor e−ikz, then field can be expressed as:
E (x, y, z) = ε (x, y, z) e−ikz. (2.2)



































This simplified wave equation describes all resonators as long as the change in the
amplitude of the field in the z axis is small. This assumption breaks down when the
beam is strongly focused, where the waist of the beam ω0 becomes comparable to the
wavelength λ. An analysis of such strongly focused beams without any approximation
is presented in section 2.1.4.
2.1.2 Gaussian beam
One of the solutions of equation (2.5) are the normalized Gaussian spherical waves i.e.
Gaussian beams:


























Figure 2.1: Gaussian beam parameters: ω0 is the beam waist, w(z) is the beam radius
at z, R(z) is the radius of curvature of the wavefront at z and zR is the Rayleigh range
at where ω(z) =
√
2ω0. The beam waist is at z = 0.
where ω(z) is the radius of the beam profile at position z, R(z) is the radius of curvature
of the beam wavefront. In Figure 2.1, the parameters that characterize Gaussian beams
are shown. The red curvatures in the figure are the wavefronts of the beam at different
coordinates at the optical axis. The radius of curvature of the wavefront R(z) and the
radius of the beam ω(z) at z are:




















Equations (2.7), (2.8) and (2.9) define a Gaussian beam and it is a valid approxi-
mation unless ω0  λ is not satisfied.
2.1.3 Gaussian modes as resonator modes
Resonator modes are the field distributions that they reproduce themselves after one
round trip with certain losses [55]. They can exist regardless of the stability concern,
7
2. THEORY OF OPTICAL RESONATORS
however, the mode structures of unstable resonators are rather complicated. In this
thesis when the term resonator mode is mentioned, the mode of a stable resonator is
referred.
For an optical resonator a Gaussian beam can only and only exist if the beam is
identical to the initial one after one round trip within the resonator. Another condition
is that the radii of curvatures of the beam wavefronts at position of the first and the
second mirrors should be equal to the radii of curvatures of the mirrors R1 and R2,
respectively. Let us assume the positions of the mirrors R1 and R2 are z1 and z2 and the
origin of the optical axis is at where the beam waist is (within the cavity boundaries).
In this case, the third and last condition to form a stable resonator is that the cavity
length L should be equal to z2-z1. The resonator g-parameters, g1,2 = 1− L/R1,2, are
mere geometrical terms that is useful for defining the cavity parameters. By combining
these three conditions mentioned above, one can find:
z2R =
g1g2 (1− g1g2)L2
(g1 + g2 − 2g1g2)2
, (2.10)
z1,2 = −g2,1 (1− g1,2)L
g1 + g2 − 2g1g2 . (2.11)
Equation (2.11) determines the positions of the beam with known radii of curvature of
wavefront i.e. R1 and R2. And equation (2.10) determines the beam waist. Then, the



















The Gaussian beam parameters are defined with these equations and resonator
modes can be defined by the Gaussian modes. Modes of an optical resonator are noth-
ing but standing waves with different spatial electric field distributions. Depending on
the symmetry of the resonator, the modes can be described in Cartesian or cylindrical
cordinates. Hermite-Gaussian and Laguerre Gaussian modes are two sets of solutions
of an optical resonator in Cartesian and cylindrical coordinates, respectively. If the
resonator mode is not radially symmetric, i.e. the mode has distinction in vertical
8
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and horizontal axes, Hermite Gaussian; and if there is cylindrical symmetry Laguerre-
Gaussian modes are convenient set of solutions to work with. In this thesis, we will
prefer Laguerre-Gaussian modes to define the cavity modes due to the cylindrical sym-
metry in the system. In most cases, the desired mode of a resonator to operate on is
the fundamental Gaussian mode (TEM00). For a cavity with cylindrical symmetry, a
suitable set of spatial modes to characterize the full field is described (in dimensionless
units) by Laguere-Gaussian functions:


























× exp [−i (2p+ |l|+ 1) ξ (z)] , (2.14)
where L
|l|
p are generalized Laguerre polynomials, r is the transverse distace from the
optical axis, ω (z) is the mode waist at position z, p is the radial mode number, l is
the azimuthal index with |l| ≤ p, R (z) is the radius of curvature of the wavefront at
z, ξ (z) = arctan (z/zR) is the longitudinal Gouy phase [56, 57] and zR is the Rayleigh
range. The normalization constant Cl,p ensures
∫ |Ψl,p (r, φ, zm)|2 rdrdφ = 1 at the
mirror position zm. Figure 2.3 shows the intensity profiles of the first 12 Laguerre-
Gaussian modes. The frequency separation between two longitudinal modes, which is





and the frequency shift of the higher order modes (p, l > 0) with respect to the funda-










where c is the speed of light, L is the cavity length and Rm is the radius of curvature
of the mirrors. Figure 2.2 shows the ratio of the mode separation over one free spectral
range as a function of the cavity length. When the cavity is in confocal configuration,
i.e. L/R ≈ 1, the mode separation becomes the half the free spectral range, and when
the cavity is in concentric configuration, i.e., L/R ≈ 2, the mode separation becomes
equal to one free spectral range of the cavity.
9









Figure 2.2: Ratio of the mode separation between two successive transverse modes over
free spectral range as a function of cavity length divided by the radius of curvatures
of the cavity mirrrors. At confocal configuration (corresponding x-axis value is 1) the
mode separation is the half of a free spectral range and they are equal at concentric
configuration (corresponding x-axis value is 2).
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Figure 2.3: First 12 Laguerre-Gaussian modes, l is the azimuthal index and p is the
radial mode index in TEMlp.
11














Figure 2.4: The electric field Ein of a collimated beam (planar wavefront) with a Gaus-
sian profile is transformed into a focusing field EF with a spherical wavefront by a thin
ideal lens with a focal length f resulting in a field amplitude EA at the focus of the
lens.
2.1.4 Strongly focused field
For strongly focused light the paraxial approximation breaks down and another method
to find the field at focus is needed. In this section we will propagate the optical
field behind an ideal lens into focal regime by using Green theorem. The following
calculations in this section for the strongly focused light are done by following the
techniques that are presented at the work of Tey et al. [49].
To simplify the expressions in this section, we express the electrical field in di-
mensionless units. Then, the electrical field strength of the collimated Gaussian beam
entering the focusing lens is given by:






where ˆ± is one of the circular polarization vectors: ˆ± = (x± iy) /
√
2. In the cylin-
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drical polarization basis equation 2.17 can be expressed as:










exp [−ikz] , (2.18)
where ρˆ = cosφxˆ + sinφyˆ and φˆ = − sinφxˆ + cosφyˆ are the orthogonal polarization
vectors in the radial and aximuthal axes, respectively. Wavevector amplitude in the
propagation direction is indicated as k. Ideal lens transformation is focusing the field
of a collimated beam into the focus of the lens. During this focusing the wavefront







. However, multiplication of the field before the lens with a spherical
phase in order to turn the planar wavefront to a spherical one results in a field that
is incompatible with the Maxwell’s equations. In order to avoid this incompatibility,
the local polarization of the electric field needs to be changed [58]. However, there are
three requirements to be fulfilled [59]: (i) a rotationally symmetric lens does not alter
the local azimuthal field component but it tilts the local radii polarization component
of the incoming field towards the axis; (ii) the polarization at point P in Figure 2.4
after transformation by the lens is orthogonal to the line FP and (iii) the power flowing
into and out of an arbitrary small area on the thin ideal lens is the same.
By condition (i), the radial polarization vector after the lens is transformed by
ρˆ → cos θρˆ + sin θzˆ, where θ = arctan (ρ/f) as shows in Figure 2.4. Then the second
requirement is automatically satisfied by the transformation. And the final requirement
can be satisfied by multiplying the electric field by 1/
√
cos θ.
Now for the input field before the lens given in equation (2.17), the polarization of
the field after the lens can be expressed as:












where ˆ± and zˆ are the three orthogonal polarization vectors. This analysis shows that
as the focusing increases (larger θ) other polarization vector components arise. Since
the polarization of the field after the lens is known now, the field can be propagated
into the focus. In order to have an analytical expression of the field at focus we will
exploit the Green’s theorem.
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For a given electric and magnetic fields E(r) and B(r) on an arbitrary closed surface




′ {ikc (nˆ′ ×B (r′))G (r, r′) + (nˆ′ ·E (r′))∇′G (r, r′)
+ (nˆ′ ×E (r′))×∇′G (r, r′),
(2.21)
where nˆ′ is the unit vector normal to the differential surface element dA′ and points
into the volume enclosed by S′, and G (r, r′) is the Green’s function representing an






exp [ik (r− r′)]
4pi |r− r′| (2.22)
If point r is the focus of a focused field, the local field propagation wavevector k′ at
any point r′ always points into (away from) point r for the incoming (outgoing) field
in the far field limit, |r− r′|  λ. In this limit,
B (r)→ k
′
c |k′| × E (r) , (2.23)
and ∇′G→ −ik′G before the focus and ∇′G→ ik′G after the focus. Applying far field
approximation to equation (2.20) it reduces to,









n′ ·E (r))k′G (r, r′) ,
(2.24)
where the surface S′ is divided into two parts; Sbf is the surface before the focal plane
and Saf is the surface after he focal plane. The second term in the rigt-hand-side of the
equation vanishes when we choose Saf to be infinitely large hemisphere centered at the
focus. Because n′ is perpendicular to E (r′) at all points on Saf . If Sbf is chosen as an
infinitely large plane that coincides with the ideal lens where the electric field is known
as in equation (2.19). Performing he integral in the cylindrical basis and dropping the
primes, we have:
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)5/4 e−ρ2/w2L ˆ+, (2.25)
where in the second step the φ integral leaves only the righ-hand circular polarization
term. The integral given in the last part of the equation has an analytical solution and
after taking the integral it becomes:




























where the incomplete gamma function is:




and the focusing strength for lens uL is defined as the radius of the beam at the lens
over the focal length of the lens, uL = ωL/f . The −i term reflects Gouy phase of
−pi/2 that the field picks up when it reaches the focus. The field dimensions can now
be restored by multiplying by the amplitude at the center of the collimated Gaussian








resulting in an electric field at focus:





























Equation (2.29) shows that the electric field at the focus of a strongly focusing lens
depends only on the input power Pin, wavelength λ and the focusing strength for lens
uL.
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Figure 2.5: The shaded area is the stable region according to the stability criterion
(equation 2.30). The diagonal line shown in figure corresponds to symmetric resonators
i.e. both mirrors have same radius of curvature. Resonators with different geometries
are shown on the stability diagram.
2.2 Stability of optical resonators
Stability of an optical resonator is only a geometrical concept defined by the resonator
g-parameters g1,2 = 1−L/R1,2 and the criterion for resonator stability is carried within
equation (2.12). For a beam waist of ω0, ω
4
0 becomes negative if g1g2 (1− g1g2) < 0.
Then, real and finite solutions for ω0 only exists for :
0 ≤ g1g2 ≤ 1, (2.30)
which is called stability criterion [61].
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Figure 2.5 shows the stability of an optical resonator with respect to the resonator
g-parameters g1 and g2. The shaded area is the stable region and the diagonal dotted
line shows stability for symmetric resonators. Symmetric resonators have mirrors with
same radii of curvatures and the three characteristic points [61] at two extremes and
the center of this line will be discussed further in the following subsections 2.2.1, 2.2.2
and 2.2.3.
We have previously defined the focusing parameter uL as the ratio of the beam
radius at the lens over the focal length. For cavities,we will discuss several quantities
of interest versus the dimensionless focusing parameter u as well. However, in the case
of cavities, the focusing parameter is defined as the ratio of the input beam waist at
the cavity mirrors ω to half of the cavity length L. We use this instead of cavity length
to allow for direct comparison of the results for different cavities. Figure 2.6 shows
the focusing parameter as a function of the cavity length L with R as the radius of
curvature of the mirrors for TEM00 mode at 780 nm. Vertical lines at L = R and
L = 2R correspond to confocal and concentric cavity configurations, respectively. The
focusing parameter diverges, as the required input mode waist at mirror is infinite at
the exact concentric configurations.
2.2.1 Near-planar resonator
Planar resonators exist in the positive extreme of the diagonal line in Figure 2.5. The
radii of curvature of the near-planar resonators are very large compared to the cavity
length L:
R1 = R2 = R L ∴ g1 = g2 ≈ 1. (2.31)
In near-planar resonators, the mode waist is large and almost constant within the
resonator and almost equal to the mode radius at mirrors
ω20 ≈ ω21 = ω22, (2.32)
where, ω0 is the mode waist, and ω1 and ω2 are the mode radius at mirrors R1 and R2.
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Figure 2.6: The focusing parameter of the TEM00 eigenmode of the cavity as a func-
tion of the cavity length. The vertical lines at R and 2R correspond to confocal and
concentric configurations, respectively.
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2.2.2 Confocal resonator
When a resonator is in confocal configuration,
L = R1 = R2 = R ∴ g1 = g2 = 0. (2.33)
The confocal configuration is the most stable resonator configuration of all due to the
fact that it is highly insensitive to the misalignment of the mirrors. This is because,
when one mirror is tilted the center of curvature still stays at the surface of the other
mirror. Here, the half resonator length is equal to the Rayleigh range of the mode and
the radius of the mode at mirrors is a factor of
√











At exact concentric configuration, the resonator length is equal to the sum of the radii
of curvature of the mirrors. For a near-concentric cavity
R1 = R2 =
L+ ∆L
2
∴ g1 = g2 = −1 + ∆L
R
. (2.35)
The waist and the radii of the mode can be approximated by using ∆L  L. How-
ever, all the interesting cavity QED phenomena addressed in this thesis happen in this
regime, and we rather continue with the Gaussian solutions and avoid making addi-
tional assumptions like ∆L  L. Because, even all these calculations are made under
paraxial approximation. Avoiding further approximation is favorable for the accuracy
of the calculations for a resonator within the near-concentric regime.
Near-concentric cavities are very sensitive to misalignments, which makes them hard
to work with. By getting closer to the exact concentric configuration, the resonator
becomes more sensitive to tilt and/or shift (in transverse directions) misalignment of
cavity mirror. Figure 2.7a illustrates the tilt of the cavity axis by shifting one mirror
in transverse direction. The tilt of the cavity axis becomes larger and larger by getting
close to concentric configuration. The beam displacement from mirror center ∆x in




















Figure 2.7: a) A small shift d of the resonator mirror in the transverse direction is
illustrated in the near-concentric regime. The shift causes a tilt of θ of the cavity axis
and the corresponding beam displacement from the mirror center is ∆x. ∆L is equal to
the difference of the cavity length and two times the radius of curvature of the mirror,
∆L = 2R − L. b) The tilt of the resonator mirror α causes a tilt of the cavity axis
of θ and the beam displacement from the mirror center ∆x. The misalignment of the
mirror as a tilt of α can be compensated with a shift of ∆d in the transverse direction.
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where R is the radius of curvature of the mirrors, L is the cavity length and ∆L is
2R − L. Figure 2.8 shows the beam displacement from mirror center as a function of
the cavity length in the near-concentric regime with a shift of d = 1µm,and seperately,
a tilt of α = 0.01◦ of the mirror. The mirror curvature is chosen to be 5.5 mm as this
corresponds to the value used in the experiments. The beam displacement from the
mirror center becomes extremely large by getting closer to the concentric configuration
even with small shift and tilt of one mirror. The sensitivity of the resonator is higher
for the tilt misalignment than the shift misalignment. An extremely precise alignment
of the tilt is required in order to reach a cavity length that is very close to concentric
configuration.
Fortunately, the misalignment in the tilt of the mirror can be compensated by
adjusting the transverse position of the mirror accordingly. Figure 2.7b shows a mirror
tilt of α from aligned configuration and the corresponding tilt of the cavity axis θ. By
shifting the mirror in transverse direction a distance of ∆d, the tilted cavity axis can
be corrected to the initial aligned axis. The relation between the tilt angle α and the
compensation displacement ∆d is:
Rα = ∆d. (2.37)
However, this compensation deviates the intensity profile of the cavity transmission
from Gaussian modes. It also reduces the effective mirror aperture in the aligned
cavity axis because the mirror is shifted to one side. Likewise, the misalignment of the
shift in transverse direction can also be compensated by tilting the mirror, however the
transverse alignment of the mirror can be done accurately by means of a PZT. The
precise control of the mirror tilt by means of a segmented (and doughnut shaped) PZT
is possible but relatively complicated process.
Compensation of tilt (shift) misalignment by applying a shift (tilt) to cavity mirror
makes alignment of a near concentric less challenging. However, as it is mentioned
above, the price to be paid is the distortion of the Gaussian mode(s) of the cavity
transmission. In order to minimize this effect, an alignment procedure is presented in
section 5.2.2.
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cavity length, L (mm)
=0.01
d=1 um
Figure 2.8: The beam displacement from the mirror center as a function of cavity
length for a shift of 1µm (black curve) and 0.01◦ (red curve). By getting closer to
the exact concentric configuration, 2R = 11 mm, the beam displacement from mirror
center becomes more than the diameter of the mirror curvature.
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2.2.4 Resonator quality
A good measure of the quality of a resonator is the number of round trips of light within
the resonator boundaries (mirrors) before leaking out. This concept is parametrized by
the finesse of the resonator. It is the ratio of the free spectral range over the linewidth





where ∆νT is the linewidth of the resonator transmission peak. It can also be expressed











The optical power left within the resonator boundaries after one round trip is equal
to the product of the reflecitivies of the mirrors R1R2, assuming that there is no cavity
loss mechanism except from the reflectivity of mirrors less than unity. We introduce
different loss mechanisms in the proceeding chapters.
2.3 Optical Resonators within the Near Concentric Regime
Near-concentric resonators are at the limit of the cavity stability and it requires careful
alignment of the mirrors as well as a good mode-matching of the input mode into
cavity mode. In this section, the mode matching of an optical resonator in general and
specifically in the near-concentric regime is discussed.
2.3.1 Mode-Matching of an Optical Resonator
Mode matching can be defined as spatial overlapping of electric field distributions of
two different modes at a certain plane and it can be between an optical mode and
another optical mode, a waveguide or a resonator mode. In addition to the spatial
overlapping of the intensity profiles, the phase profiles of two modes should be matched
in order to fulfill the mode-matching. If the complex amplitude (spatial intensity and
phase) profiles of two beams are well matched in a certain plane, they will remain well
matched during further propagation.
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Modes of an optical resonator are nothing but standing waves with different spatial
electric field distributions. In most cases, the desired mode of a resonator to operate
on is the fundamental Gaussian mode, which requires the suppression of the higher
order modes. Then, the input mode should have the same spatial and phase profiles
as the fundamental Gaussian mode at the input mirror surface. In order to calculate
the parameters for a mode-matching of input mode to the resonator mode, ray transfer
(also known as ABCD) matrix formalism can be used.
2.3.1.1 Ray Transfer Matrix Method
Ray transfer matrix technique is based on the paraxial approximation, in which the
propagation direction of the light is slightly deviated from the optical axis of the system.
Optical components and light can be represented as vectors and the multiplication of
these vectors allows the light path to be traced [62]. The light can be represented in
different ways, however for the convenience of our calculations we use the ray trans-










where Rb is the radius of curvature of the wavefront of the beam, λ is the wavelength,
n is the refractive index of the medium and ω is the waist of the beam. The ray
transfer matrix of a set of optical elements can be calculated by multiplying the indi-
vidual matrices, and the input and output light are represented by the complex beam
parameters. Table 2.1 shows the ray transfer matrices of simple optical elements. For
the mode-matching of an optical resonator, the waist and the convergence of the input
mode must be matched to the fundamental mode of the cavity. The parameters of
the cavity mode , i.e. waist and radius of curvature of the wavefront at mirrors, are
determined by the cavity length and the radii of curvature of the mirrors.
Here, the design strategy for a mode-matching system, for a cavity with plano-
concave mirrors, is explained by exploiting ray transfer matrix method. For a sim-
plified mode-matching calculation, the lenses can be considered as thin lenses. This
assumption is valid as long as the focal length of the lens is much larger than the
thickness of the lens at the optical axis. Otherwise, the refraction is to be calculated
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Element Ray transfer Matrix

































Table 2.1: Ray transfer matrices for simple optical components and surfaces that are
useful for mode-matching calculations. The distance traveled by light in the medium is
d, n1 and n2 are the refractive index of the initial and the final medium (or vacuum), R
is the radius of curvature and R > 0 for convex (center of curvature after the interface)
for refraction and R > 0 for concave for reflection, f is the focal length of the thin lens,
where f > 0 for converging lens.The thin lens approximation is only valid when the
focal length is much greater than the thickness of the lens.
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for each optical surface of the lens and also the propagation of light within the lens
material. Mode-matching can be done via one, two or three lens systems. However,
if the cavity length is to be varied in the experiment, the input mode waist and the
radius of curvature of the wavefront are supposed to be matched to those of the cavity
mode, which requires at least a two lens system. A two lens system is good enough for
matching the input mode waist to the cavity mode waist [63], although this requires the
lenses with focal lengths of required values. It may not be always possible to have the
lenses with focal length of desired value. For example, if a 10.4 mm focal length lens
is required for the mode-matching, a 10 mm lens is the closest commercially available
value. However, this will result in an imperfect mode-matching and consequently ex-
citation of cylindrically symmetrical higher order transverse modes (assuming that the
transverse alignment of the all the optical elements are done accurately and axes of the
higher order transverse modes are aligned with the optical axis). However, for a good
mode-matching for various cavity length values, a three lens system can be used. First
two lens form a telescope to get the desired beam waist and the third converging lens
is to match the radius of curvature of the wavefront of the input mode to the radius of
curvature of the mirror. By using the ray transfer matrix method, the distance between
the third lens and the first cavity mirror can be calculated. After this, by shifting the
third lens in the optical axis, the best mode matching can be achieved experimentally.
Experimental fine-tuning of the parameters of the mode-matching elements is the best
way to optimize the mode-matching, however the initial positioning of the optical com-






where qi and qf are the initial and final complex beam parameters and A, B, C and D
are the entries of the resultant ray transfer matrix.
If it is desired to match the input optical mode to the cavity mode for various
cavity length values, an inside out method can be helpful. When there is a desired
cavity length with certain radii of curvature of cavity mirrors, the cavity mode waist
at any location within the cavity is well-defined. Then the waist and the radius of
curvature of the wavefront of the optical mode that we want to have at the mirror
position are known quantities and defined by the cavity mode. The radius of curvature
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Figure 2.9: The mode-matching of an input mode to the fundamental mode TEM00
of a cavity. L1 and L2 forms a telescope to achieve desired waist before L3 and L3
focuses the mode to match the radius of curvature of the wavefront of the input mode
into the radius of curvature of the spherical surface of the cavity mirror.
of the wavefront R and the waist of the beam ωz at distance of z from the position
of the minimum waist of the cavity mode ωf can be expressed by equations (2.7) and
(2.12), and by combining these equations we can express the focal (minimal) waist of





R2 − (L−R)2. (2.42)
Next, the complex beam parameter with a focal waist of ωf and a wavefront radius
of curvature of infinite can be propagated to the spherical surface of the input mirror.
Now, the light can be refracted at the spherical surface of the input mirror of the cavity.
Because the radius of curvature of the wavefront is the same as the radius of curvature
of the spherical surface of the mirror, this surface has no effect on the wavefront at all.
After this, the beam is propagated within the cavity mirror and refracted at the planar
surface of it. Then it is further propagated a distance of d until the thin mode-matching
lens with a focal length of f . At this stage we only have unknown distance d between
the planar surface of the cavity input mirror and the thin mode-matching lens, which
is the distance between M1 to L3 in Figure 2.9. After the refraction at the thin lens
(L3 in Figure 2.9) the beam should have an infinite radius of curvature of the beam
wavefront as we want the beam to be collimated (plane wave). By solving the real
part of the equation for an infinite radius of curvature of wavefront R, we can find the
distance d that gives a collimated beam after L3. And once the distance is known, we
can also solve the imaginary part of the equation and find the radius of the beam at
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the position of the thin lens. The radius of curvature of the wavefront and the radius
of the final beam at the position of L3 in terms of the final complex beam parameter













Then, by depending on what is present (or available) as the initial beam waist for
the input beam that is incident on L1, we can expand the beam to the desired value
(the waist value is that calculated by ABCD matrix) by using a telescope i.e. L1 and
L2 in Figure 2.9. If the telescope with the desired magnification is not available the ray
transfer matrix calculation process can be repeated with a thin mode-matching lens L3
with a different focal length f until the optical elements that are required in the mode-
matching are available in the experiment. This calculation is suitable when the cavity
mode parameters and the cavity length is decided. If the target cavity mode parameters
and the cavity length value are flexible, the calculation order can be inverted.
2.3.1.2 Mode-Matching of a Near Concentric Optical Resonator
A good mode-matching is crucial for a near concentric cavity as it is at the neighbour-
hood of the limit of the cavity stability. This is basically because the radius of the mode
at the mirror position for a near concentric cavity is very large. This makes the diffrac-
tion, aberrations and any other type of loss, which are caused by the mode-matching
optics, significant since the optical mode spreads to a large area on the mirror surface.
Consequently, any mismatch of the optical mode and the cavity mode in a near con-
centric cavity results in the excitation of higher order modes more significantly than in
other types of optical cavities.
Alignment of the cavity mirrors affects the mode-matching significantly as well. If
the cavity mirrors are not aligned accurately, the higher order transverse modes will
be excited. For a near concentric cavity, the transverse mode structure highly depends
on the sensitive alignment of the cavity mirrors. The radius of curvature of the input
mode match the radius of curvature of the spherical surface of the cavity mirror. Good
alignment of the cavity mirrors in the transverse direction and the accurate adjustment
of the tilt of the cavity mirrors are required to suppress the transverse higher order
modes that are not cylindrically symmetric.
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2.3.2 Effect of the Diffraction Loss on the Resonator Finesse
The finesse of an optical resonator is a function of the reflectivity of the mirrors only,
when no loss mechanism is considered in the resonator. However, there are certain
loss mechanisms that are always present at the system. It is desired to minimize these
losses for cavity QED experiments. In this thesis the main interest is on near concentric
cavities, which are more vulnerable to diffraction loss and a closer look to those losses
is adequate.
2.3.2.1 Optical Power Through an Aperture
A Gaussian beam has an infinite transverse extent. When such a beam passes through










where P0 is the input power, ω(z) is the radius of the beam at position z. The expo-
nential term in the right-hand-side of the equation is called the diffraction loss.
2.3.2.2 Diffraction Loss of an Optical resonator
The cavity mirror has a finite aperture and this causes the input mode to be truncated
at the edges of the intensity profile, which is referred as diffraction loss. Diffraction
loss is a significant loss mechanism when the mode waist at the mirror position is
comparable to the radius of the mirror aperture. By only considering the diffraction
loss and the reflectivity of the cavity mirrors of less than unity, the power left within










where R2m is the product of the reflectivity of the cavity mirrors assuming that they are
the same, a is the radius of the mirror aperture, and ω is the cavity mode radius at the
mirror. According to this equation, the larger the ratio of the beam waist to the radius
of mirror aperture, the larger the diffraction loss, which is indicated by the exponential
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term. The optical finesse of a cavity can be expressed in terms of the power left within










Assuming only diffraction losses and mirror reflectivity of less than unity, this leads
to a linewidth :
κ = c/ (2nLF) , (2.47)
where L is the cavity length, n is the refractive index of the medium within the cavity
boundaries and c is the speed of light in the vacuum. Equations 2.45, 2.46 and 2.47 show
that a larger beam waist at mirror causes larger diffraction loss and eventually larger
decrease (increase) in finesse (linewidth) of the transmission peak. When the beam
waist is large, the cavity finesse gets smaller by getting closer to the exact concentric
configuration. Behaviour of an optical resonator with a diffraction limited performance
is characterized by these equations.
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Chapter 3
Theory of strongly focused light
and two-level atom interaction
In this chapter, interaction of a two-level atom with strongly focused light will be dis-
cussed. In section 3.1, scattering ratio as a measure of interaction strength is defined.
The field quantization for Gaussian modes is briefly explained in section 3.1.2, mostly
to clarify the nomenclature that is used for the field quantization for strongly focused
modes. After this, the field quantization is calculated within the boundaries, i.e. res-
onator mirrors, in section 3.2. Finally, the cavity QED parameters are derived in the
strong focusing regime in section 3.2.1.
3.1 Interaction of strongly focused light with a two-level
atom in free space
Interaction of light with a two-level system is a well established problem and it is
possible to find the discussions about the problem in terms of classical atom and elec-
tromagnetic field (classical approach), quantized atom and classical field (semi-classical
approach), and quantized atom and quantized light (purely quantum approach) in many
text books [64, 65, 66]. In this section, we will first derive the scattering ratio by a
semi-classical approach in terms of a dimensionless focusing parameter, u, and than
quantize the field that is to interact with a two-level atom.
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3.1.1 Scattering ratio
The semi-classical approach for atom-light interaction treats the atom quantum me-
chanically and the light classically. For such an approach, the power of the scattered






where E0 is the amplitude of the electric field at the position of the atom. A definition





and by inserting the input power in terms of the input field amplitude from equa-









The field at focus for a strongly focused beam is given in equation 2.29. By inserting

























where the scattering ratio is a function of only the focusing parameter. Figure 3.1 shows
the comparison of the scattering ratio calculated by paraxial approximation and full
model. For a large enough focusing parameter u, the value of scattering ratio exceeds
one. This seems as if more light is scattered than the incident. However, for larger
focusing parameter values Rsc can not be interpreted as scattering ratio because of the
interference between the incident and the scattered fields, which is nothing but the
field of a rotating electric dipole [60]. In this case, the physical upper bound of the
scattering ratio (Bassett limit) is Rsc 6 2 [69]. For this model of focusing a Gaussian
beam using an ideal lens a maximal value of scattering ratio of Rsc = 1.456 is obtained
for a focusing parameter of u = 2.239. For larger values of focusing parameter the
value of scattering ratio starts decreasing slowly because the field amplitude in the ˆ+
polarization at the location of the atom reduces because of over focusing. A larger
value of scattering ratio can be achieved by matching the amplitude profile of the beam
into the directional dipole wave [68].
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Figure 3.1: Scattering ratio as a function of focusing parameter using paraxial approx-
imation (red curve) and using full model (black curve).
3.1.2 Field quantization for focused Gaussian modes
The quantization of Gaussian beams is a straightforward method and has been done
many times in the paraxial regime [70]. However, in this thesis we are interested in the
case of a strongly focused mode. The field quantization for a strongly focused mode
is done by Aljunid et al. [71]. In order to clarify the nomenclature we will use for
quantization of a strongly focused mode, we briefly revisit the approach in paraxial
regime.
For the sake of simplicity, we begin with periodic boundary conditions and a quan-
tization length of L. The electric field operator in a generalized mode decomposition
can be expressed as:





gj (x) aˆj (t)− g?j (x) aˆ†j (t)
)
, (3.5)
where the polarization property and spatial dependency of mode j is carried by a mode
function gj(x) and the time dependency is carried by the ladder operators aˆj and aˆ
†
j .
The constant εωj carries the dimensional components and the normalization of the
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mode function gj(x). Then the Hamiltonian of the total field can be expressed as a



















The mode function gj(x) should be compatible with Maxwell equations for an angu-














|gj (x)|2 + c
2
ω2j
|∇ × gj (x)|2
]
. (3.8)
Electric and magnetic field contributions to the total field energy are the same, which





dx |gj (x)|2 . (3.9)
By assuming that there is no significant wavefront curvature (paraxial approximation),
i.e. quantization length is smaller than the Rayleigh range L < zR, the fundamental
Gaussian mode can be expressed as:






exp [ikz] , (3.10)
where ρ is the radial distance from the optical axis, ε is the transverse polarization
vector, ω0 is the mode waist and z is the position along propagation direction (optical
axis). By restricting the volume in propagation direction z to the quantization length












3.2 Cavity QED with a strongly focused cavity mode
Effective mode volume and normalization constant are calculated within the paraxial
approximation, where the variation of the beam radius along the interval in z direction
does not change and is equal to the beam waist ω0 and the quantization length is much
smaller than he Rayleigh range, L zR. However, this restriction is not necessary and
this result can be extended to strongly focused beams. Because the light propagates
in either the +z or −z directions, which is why in equation 3.8 the contribution of the
volume integral for each dz does not depend on coordinate on optical axis z. Here, the
mode function chosen to be |g (x)| = 1 on the entire optical axis [71].
In the strong focusing regime, where the paraxial approximation breaks down, the
field at the location of the atom in equation 2.29 should be used. By combining equa-
tion 2.29 and 3.4, the ratio of the field before the focusing lens and the field at the









The normalization constant in equation 3.12 with a waist ωL can be multiplied with
the field ratio in equation 3.13 and this gives the normalization constant of a strongly






In this case, the normalization constant (for strongly focused field) only depends on
the wavelength λ, quantization length L and focusing strength of the mode u.
3.2 Cavity QED with a strongly focused cavity mode
The enhancement of the field of an hour-glass mode has previously been introduced as
a tool for the observation of the cavity QED effect in the strong interaction regime [72,
73]. Here, we combine the quantization parameters of strongly focused mode in free-
space with a standing wave in an optical resonator. Assigning a quantization length
L for the field quantization results in a discrete mode spectrum and the term single
photon becomes clearer in this sense. For a ring cavity, that reflects the periodic
boundary conditions for quantization of field in free-space, the normalization constant
ε that is given in equation 3.14 can be used. However, for a conventional cavity with
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standing wave mode, the propagation term e[ikz] should be replaced by the standing
wave component sin (kz) for a suitable choice of origin and where k = Npi/L with an
integer N . The square modulus of this standing wave term reduces the effective mode
volume by a factor of 2, comparing to the periodic boundary conditions i.e. case of







where L is the cavity length. However, it is necessary to note that, in order to achieve
a strong interaction of the resonator mode and the atom, the atom has to be localized
close to the anti-node. With this expression for the normalization constant for the
quantization of a strongly focused field, effective mode volume of an optical resonator





3.2.1 Estimation of coupling parameters
The interaction between a resonant cavity mode and atom was first analyzed in detail
by Jaynes and Cummings in 1963 [31]. The Jaynes-Cummings model describes the
interaction of a single quantized mode of the radiation field with a two-level atom.
The workings of the model are beyond the scope of this thesis, and we will here only
summarize the conclusions of the model and derive the parameters in the strong focusing
regime. Here two-level atom is equivalent to a spin-half system whose state can be
described using a three-dimensional Bloch vector. The two-level atom here is not an
actual atom with spin, but rather a generic two-level quantum system whose Hilbert
space is isomorphic to a spin-half. The Hamiltonian that describes the full system can
be written as:
HˆJC = Hˆatom + Hˆfield + Hˆint, (3.17)
where Hˆatom = ~ωaσˆz/2 and σˆz = |e〉〈e|−|g〉〈g| is the inversion operator of the two-level
atom, and Hˆfield = ~ωcaˆ†aˆ with bosonic creation and annihilation operators, aˆ and aˆ†,
respectively. The atomic transition frequency is ωa and ωc is the angular frequency of
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the cavity mode. Figure 3.2 shows uncoupled and coupled cavity-atom system. As we
are looking for the solutions of the system for single photon and single atom, only the
first doublet in the Jaynes-Cummings ladder is of interest. The interaction Hamiltonian
of the field with an atomic dipole moment dˆ is given by:
Hˆint = EˆA  dˆ = iεdeff
(
|e〉〈g|aˆg (x) |z=zatom + |g〉〈e|aˆ†g? (x) |z=zatom
)
, (3.18)
where EˆA is the electric field at the location of the atom. We have chosen |g (x)| = 1 in
the entire optical axis, so it is the same at the location of the atom, i.e. |g (x)|z=zatom =






Here, we used an effective dipole matrix element deff for a field polarization matching






where λ is the vacuum wavelength that corresponds to the optical transition between
ground and excited state. The normalization constant for the field quantization of a
strongly focused mode in a cavity is given in equation 3.15. And the coupling strength
(coefficient) g0~ = εdeff is the parameter that characterizes a cavity-atom system. By






For the D2 transition of a 87Rb atom with a natural lifetime of τ = 26.25 ns and a
cavity length of L ≈ 11 mm, the estimated coupling coefficient g0 is plotted in Figure 3.3
as a function of the focusing parameter. As it can be seen, even with moderate values
of focusing parameter u, very large coupling coefficient g0/2pi can be expected.
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Figure 3.2: Jaynes-Cummings ladder describing the uncoupled and coupled states of
a cavity-atom system. The states of the uncoupled system are ground state |g〉 and
excited state |e〉 of the atom and the number of photons n in he cavity mode. The
coupled system is described by the ladder with a coupling coefficient g0 [74].
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Figure 3.3: Coupling coefficient g0 as defined in the Jaynes-Cummings Hamiltonian
in equation 3.19 for a two-level D2 transition in 87Rb as a function of the focusing
parameter, u. Even for moderate values of the focusing parameter, very large coupling




Near Concentric Cavity with
Plano-Concave Mirrors
In this chapter, a cavity setup is prepared within the near-concentric regime and its
finesse (linewidth) is measured for various focusing parameter values in order to observe
the behavior of the cavity in terms of finesse (linewidth) in this regime. Experimen-
tal results are analyzed by a numerical simulation of the experiment. In section 4.1,
the experimental setup is explained and the corresponding results are presented in sec-
tion 4.2. In section 4.3, the methods used to simulate the experiment is explained, than
the simulation results are discussed. Finally, the experimental results of the cavity with
plano-concave mirrors and the corresponding simulation results are compared.
4.1 Experimental setup
A cavity with strongly focused mode is desirable for cavity QED experiments as it is
discussed in introduction chapter. However, in order to achieve strong coupling of the
cavity to a single atom, the cavity should be showing diffraction limited performance
within the near concentric regime. The purpose of this experiment is to observe the
behavior of a near concentric cavity in terms of finesse (linewidth). As the mode waist
at the mirrors is larger at the near concentric regime, the diffraction loss becomes
significant and the linewidth (full-width at half maximum) of the cavity transmission
peak increases as it is expressed in equation 2.46 and 2.47. In order to observe the
effect of diffraction loss in the near concentric regime, we formed a cavity with typical
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L1 L2 L3 M1 M2 PD
Figure 4.1: Experimental setup with a test cavity formed by two plano-concave mirrors
M1, M2 with 0.978 reflectivity, 50 mm radius of curvature and 6.35 mm aperture. L1,
L2, L3 - spatial mode-matching optics, SMF- single mode fiber for 780 nm beam and
PD - photodiode
commercially available mirror type: plano-concave mirror. For the sake of the simplicity
of the cavity alignment, low finesse cavity mirrors are preferred as the alignment of a
near concentric cavity is already challenging by itself. The test cavity was formed by
two mirrors; on a plano-concave substrate of BK-7 glass with anti-reflection coating
for 780 nm at the planar side and 97± 1.5% reflective coating at the spherical surface
at the same wavelength and 50 mm radius of curvature. However, we experimentally
measured the reflectivity of the cavity mirrors as 97.8% by forming a stable cavity away
from concentric configuration with a very small input mode waist at the mirror, where
aberrative and diffraction losses are minimal. In this measurement the reflectivity of
the mirrors are assumed to be equal.
The experimental setup used to determine the cavity parameters is shown in Fig-
ure 4.1. We used an extended cavity diode laser with wavelength of 780 nm as a light
source with tunable frequency. The linewidth of this laser is measured to be ≈ 2 MHz
by beating it with another laser with a known linewidth. The laser beam was spa-
tially mode-cleaned by a single-mode fiber, and mode matched to a cavity with a three
lens mode-matching system. As explained in section 2.3.1, the mode-matching can be
done by two lenses, however, adding an additional degree of freedom makes it easier to
match the input mode into the cavity mode with the available optical elements in the
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experiment. The transmitted light was detected by a photodiode and recorded. Part of
the probe light was sent to a Rubidium reference cell (not shown) where a Doppler-free
spectroscopy signature in Rubidium provided an absolute frequency reference.
In this transmission experiment it is more convenient to scan the laser frequency
by means of a diffraction grating, rather than scanning the cavity length. This is be-
cause, for a cavity very close to the concentric configuration the variation of the cavity
length (mirror separation) on the order of half a wavelength in order to observe one
free-spectral range (FSR) significantly changes the transverse mode. In order to com-
pensate this change in the transverse mode during the length variation, an adjustment
of the mode-matching optics is required. However, as the scanning of the cavity length
is continuously done, it is not feasible to do the necessary adjustment of the mode-
matching optics. In this regard, scanning the laser frequency is more convenient and
mode-matching is only done once for a certain and fixed cavity length. The mode-
matching components L1, L2 and L3 are chosen and positioned accordingly for each
time we change the cavity length.
4.2 Experimental Results
The motivation of this test cavity experiment is to observe the change in finesse
(linewidth) of the cavity transmission spectrum by varying the cavity length (also
focusing ratio). The transmission is also expected to change at different cavity length
values. However, as the normal mode splitting in cavity QED experiments is mea-
sured by normalizing the transmission, we do not have a restriction in terms of cavity
transmission.
The setup shown in Figure 4.1 is prepared for the purpose of observation of the
change in finesse by getting closer to the concentric configuration. Since the radius
of curvature of the spherical surface of the plano-concave cavity mirrors was chosen
to be 50 mm, the exact concentric configuration is reached when the cavity length is
100 mm. We begin the experiment away from concentric configuration in the stable
regime and get closer to concentric configuration by increasing the cavity length. The
red solid curve in Figure 4.2 is the linewidth of the transmission of the test cavity as
a function of the focusing parameter and calculated by using equations 2.45, 2.46 and
2.47, where only the diffraction loss and the reflectivity of the mirrors of less than unity
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Figure 4.2: Linewidth of the cavity, that is formed by plano-concave mirrors, measured
for different focusing parameters u (circles) and the results of numerical simulations.
The solid line corresponds to a simple model taking into account only diffraction losses
due to finite size of the mirrors, while the squares represent calculations considering
both aberrations and diffraction losses (the joining line is added to guide the eye only).
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are considered as cavity loss mechanisms. This calculated linewidth curve belongs only
to the fundamental cavity mode. The black circles are the measured linewidth of the
transmission peak, which is the full-width at half-maximum of the transmission peak.
The error on the measured linewidth is the standard deviation of the full width at
half-maximum over 100 sweeps. The reason of having such an error in the linewidth
values is due to the fact that the position of the transmission peak in the frequency
domain becomes extremely vulnerable to the mechanical vibrations on the table. This
causes the peak to jitter very fast and sometimes the higher order transverse modes
can be excited due to the misalignment of the cavity mirrors because of the vibrations.
Therefore, the linewidth measured by the oscilloscope may increase and decrease over
time. The error on the focusing parameter is evaluated through the mode waist at the
center of the cavity, which is found by measuring the error of the minimum waist at the
optical axis at one single pass of the beam (absent second mirror). Once the minimal
mode waist is measured, the cavity length can be calculated by using equation 2.12.
The errors are less than 2% of the focusing parameter values in Figure 4.2. In the
calculation of the theoretical curve only the diffraction loss and reflectivity of less than
unity are considered as the loss mechanisms and it is clear that the linewidth increase
with increasing cavity length can not be explained by the diffraction loss. Even at the
data point that is closest to the concentric configuration with a focusing parameter
of 0.047, the diffraction loss is insignificant. Another explanation is required for the
observed behavior of the test cavity in terms of linewidth broadening within the near-
concentric regime. The blue square line-points are the numerical simulation results of
the experiment that includes the aberrations in the system and a mode decomposition
of the optical input mode to the cavity modes. It is performed to find the coupling of
the input mode to higher order transverse cavity modes and eventually the effect of the
excitation of the higher modes on the broadening of the linewidth within the concentric
regime. The effect of the aberrations of the input mode to the linewidth broadening
and the numerical simulation are discussed in details in section 4.3.
4.3 Aberration Analysis
In the near-concentric regime, the cavity mode is almost at the diffraction limit, which
means the input beam has to be strongly focused to match the cavity mode. Through-
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out the mode-matching, spherical optical surfaces and especially the planar surface of
the cavity mirror cause aberrations on the input mode. Aberrations degrade the Gaus-
sian input mode and cause significant coupling to the higher order spatial transverse
modes of the cavity. Numerical simulations of the experiments are performed to ana-
lyze the effect of the aberrations in the performance of a near-concentric cavity formed
by two plano-concave mirrors.
For a cavity with cylindrical symmetry, a suitable set of spatial transverse modes
is described (in dimensionless units) by Laguerre-Gaussian functions, which is given in
equation 2.14. For a confocal cavity, the higher order transverse modes superpose alto-
gether with the fundamental mode and this will appear as an increase in transmission.
However, the finesse (linewidth) may decrease (increase) slightly as the higher order
modes have different a finesse (linewidth) due to the fact that the diffraction loss is
larger for higher order modes. In exact confocal configuration, the frequency separa-
tion of higher order modes is half of a free spectral range and the transmission peaks of
higher order modes that coincide with the fundamental modes will add up on resonance
such that there will be no increase in linewidth. The case of concentric configuration
would exactly be the same as confocal in ray optics. However, because of diffraction
exact concentric configuration can not be achieved. This is because the waist of the
mode at the center of the cavity can not be infinitesimal due to the finite mirror size. As
it can be seen in Figure 4.2 the finesse of the cavity transmission (almost) vanishes and
the linewidth increases (black circles) even when the diffraction loss is insignificant (red
curve). When the cavity length is close to the exact concentric configuration, the higher
order modes are very close to the successive longitudinal modes. Figure 2.2 shows the
ratio of the frequency separation of the transverse modes to the free spectral range as a
function of the cavity length divided by the radius of curvature of the mirrors. As it can
be seen, the frequency shift of the higher order modes is very close to one free spectral
range in the near-concentric regime. In a close enough to concentric configuration case,
the modes can not be resolved and the cumulative transmission appears as a broadened
transmission peak.
To make this considerations quantitative, we determined the coupling of the aber-
rated input beam that we used in the measurement to the fundamental mode and
higher order spatial modes of the cavity numerically. The mode-matching is done by
using ray transfer matrix method as it has been discussed in section 2.3.1.1. However,
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the ray transfer matrix technique can not be used for the calculation of the aberrations
caused by the spherical optics and planar surface of the cavity mirror. We used the ray
tracing method to obtain the wavefront deformation of the input beam at the surface
of the input mirror.
4.3.1 Ray tracing method for mode-matching simulation
Ray tracing technique is convenient to use in order to get the wavefront of the input
mode at the input mirror. The aberrations in the system can not be calculated by
the ray transfer matrix method, although both techniques are based on the paraxial
approximation. Ray tracing technique is convenient to use for finding the wavefront
of the mode when the radius of curvature of the wavefront is much larger than the
wavelength. We used the mode-matching configuration for each cavity length value
that is used in the experiment. Figure 2.9 shows how a mode-matching setup looks
like. For each different cavity length value, a telescope with different magnification and
L3 with different focal length and distance from the input cavity mirror are used.
We begin the ray tracing with a collimated beam incident upon the first lens of the
telescope L1. The collimated beam is represented by a certain number of rays parallel
to the optical axis. For tracing the ray through an optical element, one can not use
a thin lens approximation. The exact surface knowledge is required to follow the rays
through an optical element. We used the information provided by the suppliers for the
optical elements that we used in the experiment. For example, if a converging lens with
100 mm focal length is used in the experiment, instead of using a thin lens we use the
surface curvature values given in the data sheet.
We draw the lens on a scaled programme and let the rays refract through the
surfaces. The parallel rays from a certain position at optical axis are traced until the
spherical surface of the input mirror of the cavity. After the final refraction at the
spherical surface of the cavity mirror, ray tracing yields the phase of the input mode
at the spherical surface of the input mirror. This spherical surface can be used as the
plane for the mode-overlapping integration in order to find the coupling of the input
mode into the modes of the cavity. Alternatively, one could calculate the wavefront at
the input mirror, which should be ideally a spherical surface with a radius of curvature
of equal to the radius of curvature of the spherical surface of the input mirror. However,
any aberrations caused during the mode-matching and the planar surface of the mirror
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cause the wavefront to be distorted. Once this wavefront is calculated, one can use this
wavefront plane as the mode-overlapping integration plane. In fact, one could use any
plane for the mode-overlapping integration by propagating the rays to any position at
the optical axis. However, for the sake of simplicity, we prefer calculating the phase of
the input mode at the spherical surface of the mirror.
4.3.2 Simulation of the Experiment
By following the optical path including all the mode-matching optics and the input
mirror of the cavity, we determine the phase of the input beam at the spherical surface
of the mirror with respect to the transverse distance from the optical axis. The phase
of the beam at the optical axis is taken as the phase reference, because a cavity forms
a standing wave within the cavity mode and a standing wave has zero phase at the
boundaries, i.e., cavity mirrors. Figure 4.3 shows the wavefront deviation from the
ideal spherical wavefront of the Gaussian cavity mode for a 2.35 mm input beam waist
at the mirror, which corresponds to a 5.7µm waist at the center of the cavity. This
waist value corresponds to a focusing parameter of u = 0.047 with a 50 mm radius
of curvature of the spherical surface of the mirror. The inset illustrates the deviation
of the wavefront from the mirror surface. Note that wavefront deviation to go below
zero around 0.75 mm transverse distance. Because such a wavefront gives maximum
coupling to fundamental Gaussian mode. In the experiment the position of the mode-
matching lens (L3) is determined roughly by the mode-matching calculation and the
fine positioning is achieved by tweaking the position of L3 such that the transmission is
maximized. For the simulation exactly same method is used; the coupling of the optical
input mode into the fundamental Gaussian mode is calculated for the parameters found
by mode-matching calculation. After that, the position of the mode-matching lens L3
is slightly changed until maximum coupling of the input mode into the fundamental
Gaussian mode is achieved. The wavefront given in figure 4.3 is also achieved this way
and it gives maximum coupling.
Assuming that the mode-matching is only affected by this wavefront distortion, we
can calculate the coupling coefficients of the input mode to the modes of the cavity.
We can conveniently express the spatial mode of the input beam as a fundamental
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Figure 4.3: Deviation of the wavefront of the input mode from the spherical shape of
the mirror surface in terms of the wavelength as a function of transverse distance from
the optical axis (in fractions of wavelength). Inset shows an exaggerated illustration of
the wavefront deviation from sphere. r is transverse and z is optical axis. The solid
line is ideal sphere and dashed line is the distorted wavefront.
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exp [−iξ (z)]× exp [iϕ (r)] , (4.1)
where ϕ (r) is the calculated phase retardance of the input beam with respect to the
cavity mode. The coupling of the input beam to a spatial mode Ψl,p, which is given in
equation 2.14, can be characterized by a normalized intensity γl,p of the corresponding
mode excited by the input beam in a spatial mode ξ (r, φ, z). This is given by the











taken at z = zm corresponding to the input mirror position.
The finesse (linewidth) of the fundamental Gaussian mode as the fundamental cavity
mode can be determined by the equation 2.45 and 2.46. However, higher order modes
have a different spatial field distribution. This results in different diffraction loss for







|Ψl,p (r, φ, zm)|2 rdrdφ
2 . (4.3)
In the case of zero phase retardance of the input mode with respect to the cav-
ity mode, i.e., ϕ (r) ≡ 0, only the fundamental Gaussian mode (assumed to be the
fundamental mode of the cavity as well) has a non-zero overlap with the input mode.
However, for an aberrated beam, the higher order modes are significantly populated.
For each experimental point in Figure 4.2 , the mode populations were calculated nu-
merically, including modes up to p = 50. Table 4.1 shows a list of the first 10 modes
for the three data points with highest focusing parameter from figure 4.2. Here, the
azimuthal mode index l is kept constant and equal to zero as the helicity of the input
mode is zero in the experiment. Coupling of the input mode into fundamental mode of
the cavity is smaller, and the couplings to the higher oder modes are larger when the




p=0 0.8893 0.4597 0.2495
p=1 0.0058 0.1592 0.1348
p=2 0.0538 0.0421 0.0699
p=3 0.0315 0.0113 0.0336
p=4 0.0077 0.0144 0.0159
p=5 0.0019 0.0256 0.0093
p=6 0.0023 0.0341 0.0091
p=7 0.0023 0.0369 0.0118
p=8 0.0016 0.0347 0.0155
p=9 0.0008 0.0226 0.0188
Table 4.1: Coupling of the input mode into first ten modes (with no azimuth index,
l = 0) for the three data points in figure 4.2 with highest focusing parameter values
where the coupling to higher order modes are significant.
The transmission spectrum in figure 4.2 was calculated as a superposition of trans-
mission peaks for each mode with maxima shifted by ∆νl,p and linewidth κl,p =
c/ (2LFl,p). An example of the calculated spectrum for the maximal experimentally
achieved focusing parameter of u = 0.047 is shown in Fig. 4.4a. Fig. 4.4b-d show the
cavity output at different frequencies around the transmission peak that are captured
by a CCD camera. The difference between the measured (red line) and the calculated
(black solid line) transmission can be attributed to the absorption/scattering losses of
the cavity mirrors. In Fig. 4.4b the higher order modes can clearly be seen as the fre-
quency is away from that of the fundamental mode. The snapshot shown in Fig. 4.4c
is taken at the frequency that corresponds to the peak apex, where many higher order
modes are present, and the fundamental mode is excited at ≈50% of its maximum as
the frequency is half linewidth away from the resonance frequency of the fundamental
transverse mode of the cavity. However, the higher order modes are also visible (circles
around the central fundamental mode). For a detuning above the main resonance struc-
ture, the transverse profile (see Figure 4.4d ) is dominated by higher order transverse
modes. We took the full width at half-maximum of this spectrum as an estimate of the
experimentally observed linewidth, calculated values are shown in Fig. 4.2 along with
experimental data.
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Figure 4.4: The effect of the aberrations in the cavity transmission spectrum. a) The
measured spectrum (red line) and the calculated spectrum (black solid line) of cavity
transmission with a focusing parameter of 0.047 are compared. The calculated funda-
mental mode of the cavity is also shown as a reference (dashed line). The vertical lines
1,2 and 3 (in a) are the frequency references of the snapshots of the cavity transmission
b,c and d, respectively. The detection area of the camera is 3× 4 mm2 and the images
are in real dimensions of the chip size of the camera. e) Normal mode splitting of the
calculated transmission at focusing parameter of 0.047, where the coupling coefficient
g0 is 7.75 MHz (solid line). The vertical lines show the frequencies of the split modes
and the cavity resonance. The normal mode splitting of the fundamental mode of the
cavity is also shown as a reference (dashed line).
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4.4 Comparison of the Test Cavity Experiment and the Simulation Results
In this analysis, there are two basic assumptions made. First, we assume that the
input mode through the first substrate surface to the mirror surface can be approx-
imated via a ray tracing method. This seems to be justified because the radius of
curvature of the wavefronts there is much larger than the optical wavelength. Second,
Laguerre-Gaussian modes are taken as the cavity eigenmodes. However, the cavity
mirrors have a finite size, and a numerical calculation of real cavity eigenmodes would
be required. An example of this treatment can be found in [75]. However, even in our
experimentally accessible configuration closest to the concentric, the mode waist at the
mirror is smaller than the radius of the mirror aperture (ωzm = 0.42a). It can be seen
in Figure 4.2 that the diffraction loss is not significant even at the closest to concentric
configuration data point with a focusing parameter of 0.047.
Thus, the use of Laguerre-Gaussian modes as the cavity eigenmodes is a reasonable
approximation. In other words, the linewidth broadening within the near concentric
regime is due to the population of the higher order modes, which is an obstacle to
observe the mode splitting because of the cavity-atom interaction. Figure 4.4e shows
the estimated normal mode splitting for a cavity with plano-concave mirrors and with a
focusing parameter of 0.047. It can clearly be seen that the excited higher order modes
would make it difficult to observe the normal mode splitting. Our aberration analysis
of the near concentric cavity regime therefore suggests that in order to observe cavity
quantum electrodynamic effects, one needs to avoid the aberrations of the input mode.
4.4 Comparison of the Test Cavity Experiment and the
Simulation Results
We formed a test cavity using plano-concave mirrors and vary the cavity length to see
any decrease (increase) in finesse (linewidth) of the cavity transmission spectrum. We
also run a simulation of the experiment in order to understand the observed behavior
within the near concentric regime. Figure 4.2 shows that the diffraction loss does not
explain the increase in linewidth by getting closer to the exact concentric configuration
and a different explanation is required. We ran a simulation of the experiments in order
to see the effect of the aberrations caused by the mode-matching system and the planar
surface of the cavity mirror.
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MIRRORS
The aberrations caused by the mode-matching optics and the planar surface of
the cavity mirror result in the distortion of the wavefront at the input mirror. The
distorted wavefront causes the excitation of the higher order transverse modes. Since
the cavity is in the near concentric regime, the higher order modes are very close to
one free spectral range. Then the transmission maxima of the higher order modes are
very close to each other in the transmission spectrum and can not be resolved, which is
observed as a broadening of the fundamental mode transmission peak. The broadening
of the transmission peak increases when getting closer to the concentric configuration.
In Figure 4.2 it can be clearly seen that the aberration losses cause the broadening
of the linewidth much more than the diffraction loss (red solid curve). Blue square
line-points are the results of the simulation of the experiment and it gives a better
understanding of the observed transmission peak broadening within the near-concentric
regime when the diffraction loss is not significant. The broadened transmission peak
includes many modes rather than merely the fundamental mode. However, it is desired
to experimentally observe the vacuum Rabi splitting, so the cavity mode should be well
defined. In conclusion, the test cavity results and the corresponding simulation results
suggest that one needs to eliminate the aberrations in the system in order to observe




In this chapter, the design of a lens is discussed such that the refraction (focusing) is
done in one surface and the second surface is reflective to form a cavity. The man-
ufacturing of such an anaclastic design is discussed in section 5.1.1. In section 5.2,
mode-matching of an input mode into the cavity mode, alignment of the cavity mirrors
and the measured cavity parameters are presented. Finally, in section 5.3, the cavity
QED parameters are estimated depending on the measured cavity parameters.
5.1 Anaclastic Lens Design
There are well-known ways to eliminate aberrations in an optical mode. Since the
early demonstrations of aberration correction for astronomical research [76], different
ways of eliminating aberrations in optical systems have been developed; spatial light
modulators, phase holograms and distortable mirrors can be used to eliminate the
aberrations caused by the mode-matching optics and also pre-correct the aberration
caused by the planar surface of the cavity mirror [77, 78, 79, 80]. However, these
techniques are sophisticated and require change of correction of mode-matching optics
for different focusing parameter values. A simple and efficient way to eliminate the
aberrations of the input mode is to use an anaclastic design. An anaclastic lens is
nothing but an ideal lens but the refraction is performed only in one surface and it
converts the plane wavefront of a collimated Gaussian input beam to a converging
spherical wavefront [81, 82]. This allows the second surface to be coated accordingly
to serve as a cavity mirror. The focusing surface of the anaclastic lens is designed with
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only one consideration: the optical path followed by a ray parallel to the optical axis
from any position on optical axis to the focal point should be equal at any transverse
position. This constraint ensures that the planar wavefront of a collimated beam is
converted to spherical wavefront after refraction at the anaclastic surface and the focus
of the mode is at the center of the spherical wavefront right after the refraction at the
aspherical surface. Ray optics for such a lens design is a convenient technique because
the rays are traced where the curvature of the optical surface is much larger than the
wavelength of the light. Ray optics is not suitable when the beam diameter (for a
Gaussian wave) is comparable to the wavelength of the light.
For a cavity with a focusing mode, the mirror surface is to be strictly spherical with
a curvature radius of rc. The focus of the focused mode is approximated to coincide with
the center of the wavefront for the focusing calculations, but this does not necessarily
mean that the cavity can only be in concentric configuration L ≤ 2rc.
It has been known for more than 10 centuries that transformation of a plane wave
onto a spherical wave can be performed without any aberrations [83]. Figure 5.1 shows
a page of Ibn-i Sahl’s original manuscript for the foundation of the law of refraction. He
also found the equation of a surface, that can focus the light without any aberrations,
which is also shown in the same figure.
We calculate the anaclastic surface equation by using ray tracing argument; a ray
traveling parallel to the optical axis, as shown in Figure 5.2, gets refracted on the
optical surface and it is focused to a focal point at the optical axis f . The transverse
distance from the optical axis is y away and it is refracted at [X,Y ] and the refractive
index of the refracting material is n. Then for any point [X,Y ], refractive index n and
focal distance at the optical axis f , the optical path should be equal to the optical path
that is traveled by a ray at the optical axis. This can be formulated as following:
fn = x+ n
√
(f − x)2 − y2, (5.1)
where the left-hand-side of the equation is the optical path followed at the optical axis
and right-hand-side of the equation is the optical path followed at a transverse distance
y from the optical axis. Figure 5.2 shows the optical path of the two rays at optical
axis and a distance of y away from the optical axis in the transverse direction. When
equation 5.1 is satisfied by the refracting surface, it means that any ray that is parallel
to the optical axis is focused to the focal point f . When equation 5.1 is re-arranged it
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Figure 5.1: Reproduction of a page of Ibn-i Sahl’s manuscript showing his discovery of












Figure 5.2: Simple ray optics calculation of an anaclastic surface. The path followed by
two rays, one at the optical axis another at a transverse distance of y from the optical
axis, should be the same from a certain plane before the surface to a focal distance f .
This criterion ensures that a planar wavefront is transformed into a spherical wavefront.
turns out that the surface equation is an ellipse equation with half axis fn/(n+ 1) in
longitudinal, and f
√
(n− 1)/(n+ 1)in transverse direction for a fixed refractive index
n and focal length f of the lens. Then according to this equation, a spherical surface can
only be aberration-free when the refractive index of the lens material is much larger
than the refractive index of vacuum i.e. n  1. Figure 5.3 shows a verification of
design using Mathematica. As it can be seen the rays that are parallel to optical axis
are focused to the focal point f and the optical path is the same for all the rays. Then,
the spherical surface can be placed any location between the elliptical surface and the
focus conveniently to serve as a cavity mirror.
The choice of the focal length f and the refractive index of the lens material n
determines the geometry of the anaclastic lens. The curvature of the elliptical surface is
inversely proportional with refractive index and proportional to the focal length. As the
anaclastic design is to be used in a near-concentric cavity for cavity QED experiments,
the design parameters should be chosen with this consideration. The strength of the
interaction between light and atom depends on the focusing parameter u (for both
free-space and cavity cases). For a set of cavity mirrors in the concentric configuration,
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f
Figure 5.3: Th simulation of the focusing of the rays through an anaclastic surface
performed in Mathematica.
the maximum achievable focusing parameter is limited by the ratio of the half-aperture
to the focal length, which can be expressed as
√
(n− 1)/(n+ 1). The half axis of the
elliptical surface on the transverse direction limits the maximum input waist that can
be used for the cavity QED experiments. When the input mode waist is equal to the
half-aperture the diffraction loss is 13.5% of the input power in the first pass through
the first mirror. In this case, the higher the refractive index of the lens material, the
higher is the maximum achievable focusing parameter and the less is the curvature of
the elliptical surface. However, machining of the material with a high refractive index
in the desired geometry is a challenging job as the stiffness increases with the refractive
index of materials.
Another parameter to decide for the design is the position of the spherical surface
with respect to the elliptical surface. Since the spherical surface is merely for forming
a cavity, and no refraction is required in this surface (in a perfect mode-matching
scenario), the radius of curvature of the spherical surface must be equal to the distance
from the spherical surface to the focus of the anaclastic lens. However, the position of
the spherical surface with respect to the elliptical surface should be carefully decided.
If the spherical surface is positioned very close to the elliptical surface, the maximum
achievable input waist (aperture) is limited by the edges of the spherical surface. This
limits the maximum achievable focusing parameter and the corresponding coupling
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coefficient, g0. If it is positioned far from the elliptical surface and close to the focus,
then the one FSR of the cavity transmission spectrum and consequently the linewidth
of the cavity becomes large (for a fixed cavity finesse). The interaction strength is
proportional to the square of the coupling coefficient g0 and inversely proportional to
the cavity decay rate κ (cavity linewidth). In this case, there is an optimal position for
the spherical surface of the mirror. The motivation of this anaclastic design is to achieve
strong interaction between cavity and atom without a need for small cavity volume or
sophisticated dielectric coatings of the mirrors in order to increase (decrease) the finesse
(linewidth) of the cavity. It is desired to have a high ratio of the coupling coefficient
to the cavity decay rate, then the position of the spherical surface with respect to
the elliptical surface (or the focus) should be chosen by a compromise between high
coupling coefficient g0 and high (low) cavity linewidth (finesse).
5.1.1 Manufacturing of the Anaclastic Mirrors
The calculation and simulation of an anaclastic mirror indicates that it is possible to
achieve strong interaction of the cavity-atom system without a need for small cavity
volume and/or high finesse. In this section the manufacturing of the anaclastic design
is discussed. Different methods are exploited for manufacturing the anaclastic mirror
within the desired surface qualities.
5.1.1.1 Diamond Turning Method
We designed an anaclastic lens in the frame of above considerations. One technique
that can be used for manufacturing the lens is the diamond turning, which requires
soft materials. Diamond turning technique for soft materials (like Zeonex and PMMA)
leaves tool marks across the surface [84]. Injection molding technique, which exploits di-
amond turning for the preparation of the mold, would eliminate this problem. However,
the quantity we require for the experiment is not enough for exploiting this technique,
because injection molding technique is usually preferred for serial manufacture. The
preparation of a defect-free mold is a high cost process since it usually requires several
manufacturing-testing cycles but once the mold is ready it can be use several times.
For our anaclastic lens design diamond turning is a more convenient method but glass
is hard and fragile for diamond turning. However plastic material can be conveniently
used for this technique.
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The material used for manufacturing the first generation lenses was Zeonex 480R
with a nominal refractive index of 1.52378 at 25 ◦C for the design wavelength of 780
nm. The effective focal length of the lens is 10 mm and the spherical surface is 5.5
mm away from the focus and 4.5 mm away from the elliptical surface, at the optical
axis. Corresponding half axis values are 6.03017 mm in longitudinal and 4.53910 mm
in transverse directions. The design and the photo of the manufactured lens can be
seen in figure 5.4. The conical section is to be used for mounting the lenses to the lens
holders.
As this was the first trial of manufacturing the anaclastic lens, we wanted to test
the surface quality before coating the lens surfaces. In order to understand the surface
quality of the uncoated lenses, we built a setup that is shown in Figure 5.5 We use an
external cavity diode laser and split the collimated beam by means of a 50:50 beam
splitter. The transmitted arm is focused by an aspherical lens and 4.2% of the beam is
reflected back from uncoated spherical surface of the anaclastic lens and by following
the same path backwards it is partially reflected by the beam splitter and a transverse
mode profile is captured by CCD camera for the intensity profile analysis. First we
collimated the beam that leaks out of ECDL. Then the alignment of the anaclastic lens
is done by making sure that the beam that is reflected by the anaclastic lens follows the
same path as the initial beam and the beams overlap nicely at position P1. Secondly,
the waist of the beam at position P1 and position P2 should be equal, which is to make
sure that the radius of curvature of the beam at the spherical surface of the anaclastic
lens is equal to the radius of curvature of the lens surface. The distances from P1 to
the anaclastic lens and from anaclastic lens to P2 are almost equal and ≈ 100 mm,
which is much smaller than the Rayleigh range of the beam with a waist of 1.09 mm.
After the intensity profile of the reflected beam is analyzed, we swapped the ana-
clastic lens with a well known performance mirror to make a comparison. Figure 5.6
shows the captured image and the corresponding intensity profile. The image is taken
by a CCD camera and the power of the beam is reduced to a point where the camera is
not saturated. Then the peak intensity line values are taken to be plotted as a function
of the pixel number. Later the pixel number is converted to the dimensions of the
detection area of the camera.
Both in the camera image and the intensity plot it can be seen that the intensity
decreases around the peak center and there is a dip instead of an apex. The comparison
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Figure 5.4: The deign parameters of Zeonex480R anaclastic lens and the image of the
manufactured (and uncoated) lens.
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Figure 5.5: The light coming out of an ECDL is collimated and split into two by a
50 : 50 beam splitter (BS). The transmitted beam is focused by an aspherical lens
(AL). Focused the beam is partially (4.2%) reflected from the anaclastic cavity lens
(CL). The distance from the focal point to CL is equal to the radius of curvature of the
spherical surface of the CL. The reflected beam is collimated through AL again and
guided to a CCD camera chip. The radius of curvature of the wavefront of the beam
at the spherical surface of CL is matched to the radius of curvature of the spherical
















Figure 5.6: The captured image of the reflected beam from CL by a linear CCD camera.
The image color is inverted, i.e., darker means higher intensity. The brightest line in
the image is taken and plotted as a function of the pixel number, and than converted
to real dimensions of the camera chip size.
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1 mm 250 m
Figure 5.7: (Left) The image of the anaclastic cavity lens captured by an optical mi-
croscope and the zoomed image (right). The light yellow ring at the center of the lens
can be seen more clearly at the zoomed image.
of the intensity profiles of the anaclastic lens and the reference mirror shows that the
anaclastic lens has a defect that causes the intensity dip around the center of the peak.
In order to observe the possible defects in the spherical surface of the anaclastic lens,
we looked at the lens under optical microscope. Figure 5.7 shows two of the captured
images under the optical microscope. We observed a circular area that looks like there
is a deviation from sphere around the center point of the lens. There were also ring-like
structures that can even be seen by naked eye. This could be attributed to the softness
of the lens material Zeonex480R. Diamond turning a soft material like Zeonex 480R
is challenging and it leaves tool marks across the surface of the lens. The images are
clear enough to conclude that there is a flat region near the center of the lens that can
cause the observed reduction in the reflected intensity at the beam center.
After the first trial, we used the same idea with slight changes. The lens material
is chosen to be PMMA with a nominal refractive index of 1.48460 at 250C at the
design wavelength of 780 nm. We kept the effective focal length the same as previous
attempt, 10 mm. The corresponding half axis dimensions of the elliptical surface in
longitudinal and transverse directions are 5.97521 mm and 4.41635 mm, respectively.
The technique used for manufacturing the lens is diamond turning. This time the
coatings of the surfaces are done before testing and the elliptical surface of the lens is
AR coated for 780 nm and 980 nm, and the spherical surface is HR (> 0.97) coated for
780 nm and AR coated for 980 nm. The 780 nm is to be used as probe and 980 nm is
to be used as the far off resonance trap (FORT) i.e. dipole trap. Thus, it is desired the
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elliptical surface of the cavity lens to be transparent both for 780 nm and 980 nm and
spherical surface to be transparent for 980 nm and high reflective for 780 nm.
The optical cavity formed by these cavity lenses shown a very broad transmission
peak with a linewidth of 1.29 GHz and a relatively low transmission of less than 1% of
the input power. The finesse, that is calculated by dividing the one FSR (∼ 13.6 GHz)
to the transmission linewidth, is measured as 11. However, the expected finesse of these
cavity lenses were ≈ 300 with a reflectivity of > 0.97 for one mirror. The reflectivity of
the mirrors appear to be within the specifications when they are measured individually
but when a cavity formed with these mirrors the transmission is low and the transmis-
sion peak is very broad. A possible reason for this bad performance as a cavity could
be the absorption and/or scattering losses. The white light interferometry proven that
it is , indeed, the scattering loss that causes the low transmission and broad linewidth.
The interferometry indicates that the RMS roughness of the surface is less than 10 nm
; however, the surface deviation from an ideal sphere (sagitta error) at the spherical
surface reaches 400 nm, which is more than the half of the wavelength used as the probe
for the cavity. This explains why the reflection from one mirror is more than 97% of
the input power but the finesse of the cavity corresponds to a very low reflectivity of
mirror. The surface deviation from sphere is most probably caused during the diamond
turning, and due to the extreme softness of the PMMA. This result indicates that the
sagitta error is at least as critical as the RMS roughness for the spherical surface (cavity
mirror surface).
5.1.1.2 Grinding Method
After two unsuccessful trial of manufacturing the anaclastic cavity lenses via diamond
turning, a different technique called grinding is exploited. Although this technique
is considered as one of the most cost-effective and efficient for the manufacturing of
the optical components, it leaves micro-cracks due to the hard nature of the optical
glass [85]. However, with the development of high precision machining tools, it is possi-
ble to minimize these micro-cracks produced on the optical surface after grinding [86].
A better finishing is still required for ultra-smooth optical surfaces. A focused ion beam
serves as a ultra-smooth finishing tool for this purpose [87, 88]. Focused ion beam can
also be used for manufacturing optical surfaces but rather in small dimensions [89].
However, the combination of grinding for creating the surface with desired geometry
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and focused ion beam as the finishing makes it possible to manufacture surfaces with
RMS error as small as 0.1 nm and slope (sagittal) error of 0.01 µrad.
The material used is NSF-11 with a refractive index of 1.76583 at 25oC for the
design wavelength of 780 nm. NSF-11 is a hard glass and it is difficult to diamond turn
without breaking it. After grinding the lens with the desired curvatures, an ion beam
finishing process is performed in order to have a small RMS roughness and sagitta er-
ror. The coating specifications are kept the same as the previous attempts with only a
difference of relatively higher reflectivity of the spherical surface at 780 nm. The spec-
ified reflectivity was > 0.99 from the spherical surface at 780 nm. Although the focal
length is the same as the previous designs, the half axes values of the elliptical surface
changed slightly due to the difference in the refractive index of the lens material. The
half axes values are 6.3844 mm in longitudinal direction and 5.2620 mm in transverse
direction. The details of the design can be seen in figure 5.8 The surface deviation from
the sphere at the spherical surface and the RMS roughness were within the acceptable
range and the cavity that is formed by these mirrors has the desired values of cavity
finesse and transmission. The optical characterization of these mirrors are presented in
the following section.
5.2 Optical Characterization of the Anaclastic Mirrors
There are many ways of characterizing the cavity lenses in terms of their optical prop-
erties. We chose the most practical way and form a cavity with them, because the
transmission and finesse of the cavity give the sufficient information about the mirrors
whether they can be used in the cavity QED experiment in the strong focusing regime
or not. We use the same way of characterization that we used in the cavity experiment
with plano-concave mirrors. We begin the measurement of linewidth of the cavity trans-
mission away from concentric configuration and within the stable cavity regime, which
means that the cavity is somewhere in between confocal and concentric configurations.
Then by increasing the cavity length step by step, we record the cavity linewidth and
see if the cavity is diffraction limited or there are other loss sources within the near
concentric regime. In order to observe diffraction limited performance of the cavity, an

















Figure 5.8: Anaclastic cavity mirror manufactured by grinding technique. a) Cross
section of the anaclastic cavity lens design. The aspherical surface is an ellipsoid of
revolution defined by (1 − z/a)2 − (r/b)2 = 1, with half- axes a = 6.3844 mm and
b = 5.2620 mm. This surface acts as a lens with a focal point at z = 10 mm. b)
Photo of the first design with a kerf at the rim of the mirror for alignment purposes.
In the newer design this kerf was removed because the force applied by the sharp edge
of mirror holder cracks the mirror by time (c).
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Figure 5.9: Mode-matched configuration of a near-concentric cavity. The mode waist
is large at mirrors an small at the center. The radius of curvature of the wavefront of
the mode is equal to the radius of curvature of the spherical surface of the anaclastic
cavity lens.
5.2.1 Mode-matching of the Anaclastic Cavity
As one of the surfaces of the cavity lens design is anaclastic, collimated beams with
any waist are focused and the spherical surface of the cavity lens is matched with the
radius of curvature of the wavefront of the focused beam, which results in no refraction
at the spherical surface. Then the mode-matching can simply be done by adjusting
the cavity length depending on the input mode waist. The cavity lenses can be called
self-mode-matching lenses in this regard.
This design does not only simplifies the mode-matching process, but also eliminates
the possible aberrations that can be caused by the spherical and planar refracting optics.
As long as the input beam is collimated, the lenses are manufactured within acceptable
tolerances to the provided equations for both surfaces and the transverse alignment of
the cavity lenses and the adjustment of the cavity length are done precisely, the cavity
should show a diffraction limited performance.
5.2.2 Alignment of the Cavity Mirrors
A mode-matched near-concentric cavity is depicted in figure 5.9. The alignment of the
cavity mirrors are done in few steps. Figure 5.10 shows the setup for the alignment of












Figure 5.10: The setup for alignment of the cavity mirror with respect to the optical
axis. Two counter-propagating beams are pre-aligned as a reference for the cavity
mirrors.
1-A collimated beam from fiber coupler (FC1) is coupled to another fiber (through
FC2), which makes sure that the two fiber couplers are mode-matched.
2- Two beams from two counter-facing fiber couplers (FC1 and FC2) are aligned
such that the transmissions at photodetectors (PD1 and PD2) are maximized. By
blocking the beam that is coming from FC2, the anaclastic cavity lens (CL1) is placed
such that the beam back-reflected from spherical surface of CL1 is detected at PD1, and
maximize the power read at PD1. The quarter-wave plate QWP1 (QWP2) circularly
polarize the beam incident on the CL1 (CL2) and ensures that the reflected beam
reaches PD1 (PD2).
3- By blocking the beam coming from FC1, the same procedure is repeated for
the right-hand-side of the diagram in figure 5.10. When placing the second anaclastic
cavity lens (CL2) the distance from CL1 should be roughly two times the radius of
curvature of the mirrors, L ≈ 2R.
This procedure makes sure that the two cavity mirrors are aligned with respect to
each other and the incoming beam(s). By keeping one of the mirror position fixed, the
position of the second mirror can be controlled by a 3 dimensional piezo stage.
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5.2.3 Measurement of the Cavity Parameters
The setup used for the anaclastic cavity is similar to the one that is used in the cavity
with plano-concave mirrors, which is shown in figure 4.1. In this test experiment, the
main difference is the scanning range of the laser frequency; the free spectral range of
anaclastic cavity in the near concentric regime is around 13.6 GHz. The mode-hop free
range of the ECDL is ≈ 6 GHz. In order to increase the single mode range of the laser,
we applied a current modulation to the laser diode with a pi phase difference with the
voltage that is applied to the piezo that scans the grating. This technique allowed a
mode-hop free scanning range of more than 30 GHz. Figure 5.11 shows an example of
the error signal trace of Rubidium atoms (blue curve).
We measured the linewidth of the cavity for various cavity lengths and therefore
focusing parameter values. Figure 5.12 shows the measured linewidth of the cavity
transmission versus the focusing parameter for poor (a) and improved (b) mechanical
stability. The red circles show the measured values and the black line is plotted by
equation 2.46 without any additional assumptions. In contrast to a cavity formed
by plano-concave mirrors, the linewidth broadening of the anaclastic cavity can be
predominantly attributed to diffraction losses. The slight deviation of the experimental
data points from the theoretical curve in figure 5.12b could be because of the roughness
and deviation from the ideal sphere of the spherical surface of the mirror, as well as the
non-perfect collimation of the input beam. The uncertainty in the measured linewidth
depends on the mechanical stability of the resonator mirrors. The mirrors that are
used for these two plots have the same specifications (Rm > 0.99) but slightly different
measured reflectivity values. While the mirrors that are used for figure 5.12a have
0.9949 reflectivity, the ones that are used for figure 5.12b have 0.9936. We measured
51.7% coupling of the fundamental mode of the cavity into a single mode fiber with a
focusing parameter of u = 0.36. The coupling of the cavity output into a singe mode
fiber changes slightly (less than 3%) with different focusing parameter values.
The low coupling efficiency of the cavity transmission to a single mode fiber is
due to our alignment of the cavity mirrors. As discussed in section 2.2.3, any tilt of
cavity mirror can be compensated by a shift in the transverse direction, and vice versa.
Although this simplifies the alignment procedure significantly, it distorts the cavity
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Figure 5.11: Cavity transmission spectrum (red curve) over a free spectral range of
13.6 GHz with strongly suppressed higher order transverse modes. The cavity length
is ≈ 1.2µm away from concentric position. The error signal from D2 line transitions
of 85Rb and 87Rb is shown as a frequency reference (blue curve). (Inset) Transmission
peak with a full width half maximum of 25 MHz.
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Figure 5.12: a) Measured transmission linewidth of the anaclastic cavity for different
focusing parameter u (circles). Poor mechanical stability results in large error bars in
the measure linewidth values. b) Measured transmission linewidth of the anaclastic
cavity for different focusing parameter u (circles) with improved mechanical stability of
the cavity mirrors. The solid line represents a simulation taking into account diffraction
loss only according to the model in section 2.3.2.2. Different set of mirrors with the
same specifications are used for both measurements.
73
5. ANACLASTIC CAVITY
than expected, even if the predominantly excited mode is the fundamental mode of the
cavity. This observation is an argument in support of signicant reduction of aberrations
in the anaclastic design even for relatively strong focusing.
5.3 Cavity QED Estimations with the Measured Cavity
Parameters
The ultimate goal for designing a small mode volume cavity is to achieve a strong
interaction between an electromagnetic field of the cavity mode and resonant atoms.
A standard figure of merit characterizing the interaction strength is the single atom
cooperativity C = g20(u)/(2κ(u)γ), where g0(u) is the coupling strength, κ(u) is the
cavity linewidth and γ the atomic spontaneous decay rate [90]. Different techniques
have been exploited for achieving large single atom-cavity cooperativity parameter. A
small volume cavity with high finesse is used to increase the strength of the interaction
of atom with cavity, with single-atom cavity cooperativity values of 56 [91] and 80 [92].
Such small volume high finesse cavities are extremely vulnerable to mechanical vibra-
tions and require precise stabilization. Another challenging is the manufacture of the
lenses with highly sophisticated ultra-high reflective coatings [93]. A fiber based cavity
method was developed recently [94] and strong interaction of single atom with cavity
is achieved with a cooperativity of 290 [95]. However, this technique is challenging due
to the difficulties in reproducibility of the fiber tips with desired curvature.
For a near concentric cavity case the coupling strength as a function of the fo-
cusing parameter is given in equation 3.21 and the cavity linewidth is determined by
equations 2.45, 2.46 and 2.47 for a cavity that shows a diffraction limited performance
within the near-concentric regime. The estimated cooperativity for the D2 transition in
87Rb with γ = 2pi×3.03 MHz and the linewidth data for the anaclastic cavity is shown
in Figure 5.13. An estimated cooperativity parameter of 150 is achievable with such a
cavity. The trade-off between the increase in the scattering rate due to strong focusing
and the reduction of the cavity finesse due to higher diffraction losses for larger beams
result in an optimum value of the input beam waist (and hence the cavity length in
our design). The estimated cooperativity reaches the maximal value of C ≈ 150 at
a focusing parameter u = 0.365, which clearly indicates that strong coupling regime
should be achievable with the presented cavity design.
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Figure 5.13: Estimated single atom cooperativity as a function of the focusing param-





















Figure 5.14: The caity transmission as a function of detuning from cavity resonance
frequency at the absence (red curve) and presence (blue curve) of a single atom at the
center of the cavity. It is assumed that the cavity resonance is on resonance with the
atomic transition frequency for a two level atom. The horizontal dashed line shows the
transmission at cavity resonance at the presence of an atom at the center of the cavity.
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Figure 5.15: Extinction of cavity transmission due to coupling to a single atom as
a function of focusing parameter. Maximum extinction of 98.5% occurs at focusing
parameter of 0.364.
Another parameter that can be defined to measure the strength of interaction of
cavity mode with a single atom is extinction. The cavity transmission becomes a
doublet rather than a single peak when the cavity mode is interacting with the single
atom, which is known as normal mode splitting. Such a normal mode splitting is
shown in figure 5.14 for a focusing parameter of u = 0.1. The extinction at this
focusing parameter value is ∼ 85%. In order to plot the normal-mode splitting one
needs to know the coupling coefficient g0(u) and cavity decay rate (linewidth) κ(u) for
a certain focusing parameter value. Red and blue curves show the transmission at the
absence and presence of a single atom at the center of the cavity, respectively. Similar
to the single atom-cavity cooperativity coefficient, the extinction also has an optimal
focusing parameter value that results in maximum extinction. The extinction of cavity
transmission is shown in figure 5.15. Optimal focusing parameter is at 0.364 that gives
an extinction of 98.5%., which is very close to the optimal focusing parameter value
that results in maximum cavity cooperativity.
The fact that such a cm-size cavity has high volume and large mirror separation,
make it possible to create the MOT at the center of the cavity. This allows a direct
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addressing of the single atom by using a FORT as trapping technique. It also allows
the trapping of an ion since the mirrors are away from the center of the cavity. Such
a near concentric cavity is advantageous for scalability of quantum information setups,





The ultimate goal of the work in this thesis is the strong interaction of light in a cavity
mode and a two-level 87Rb atom. The transition of the outermost electron from 5S1/2
level to 5P3/2 level is called the D2 line, and from 5S1/2 level to 5P1/2 is called D1
line, and they correspond to a wavelength of 780 nm and 795 nm, respectively. The
manipulation of the internal states of the atom requires a tunable and coherent light
source with a narrower bandwith than the atomic transition. The lasers used in the
compact disc readers have wavelength very close to the D1 and D2 lines of Rb, which
makes those laser diodes cheap and reliable tools for quantum optics experiments. In
our experiments we use diodes made by Sanyo with 80 mW output power. They are
temperature tuned and stabilized in order to operate at the desired output wavelength.
The energy level diagram of D1 and D2 lines for 87Rb are shown in figure 6.1. The
natural abundance of 87Rb is 28% together with another isotope 85Rb. In a reference
cell, both of these isotopes exist and in the frequency modulation spectroscopy it is
possible to see D1 and D2 lines of these two isotopes separately by means of an external
cavity diode laser (ECDL) that has large enough single operating mode (mode-hop free)
range.
A two-level system requires a cycling transition scheme such that once the atom
is excited it can only decay to the initial level. In order to achieve such a two level
system,
∣∣g±〉 = ∣∣〉5S1/2 |F = 2,mF = ±2〉 and ∣∣e±〉 = ∣∣〉P3/2 |F = 3,mF = ±3〉 states
are chosen to form a closed cycling transition by selection rule. Figure 6.2 shows these
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Figure 6.1: Hyperne structure of the D1 and D2 transition in 87Rb atom [96]. The
transitions used in the experiments are shown. The frequency used for laser cooling
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Figure 6.2: Two cycling transition for 87Rb D2 line transition. The level scheme is
calculated by considering Ac Stark shift caused by a FORT beam of ≈ 30 mW power
and 980 nm wavelength.
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Purpose Transition Wavelength (nm)
Probe 5S1/2F = 2 to 5P1/2F
′ = 3 780
Repump 5S1/2F = 1 to 5P1/2F
′ = 2 795
Cooling 5S1/2F = 2 to 5P1/2F
′ = 3 780
Dipole - 770/810/980
Table 6.1: The lasers required for working with 87Rb, addressed transitions and cor-
responding vacuum wavelengths. There are three alternative lasers for a single atom
trapping of a pre-cooled 87Rb atom via a far-off resonant trap technique.
two cycling transitions. The asymmetrical hyperfine level distribution is caused by an
AC Stark shift caused by circularly polarized 980 nm FORT beam with a power of 30
mW [67, 97].
In this thesis only diode lasers are used as they are cheaper and simpler to operate
comparing to other types of lasers. In our experimental setup we need 4 lasers for
different purposes. The list of the lasers needed for a cavity QED experiment are
shown in Table 6.1. The probe laser is the main laser that is used to align the main
and the reference cavities. Because eventually the cycling transition(s) needed for a
two-level atom are driven by this probe laser, the transfer cavity should be locked to
the frequency of this laser as well. The repump laser is needed when the atom falls to
an unwanted level (5S1/2F = 1) it statistically brings the atom to the state such that
the cycling transition can be driven again. The frequency of the repumper is locked
to the cross-over transition 5S1/2F = 1 to 5P1/2F
′ = CO12 of 87Rb and red shifted
to the transition 5S1/2F = 1 to 5P1/2F
′ = 2. The cooling laser addresses the same
transition as the probe, however, a red detuning is applied by means of an acusto-optical
modulator (AOM) in order to have efficient cooling of the atoms in the MOT.
6.1.1 External Cavity Diode Laser
All the beams used in the experiments are generated by temperature stabilised solid-
state laser diodes. Required wavelength and the linewidths of the lasers are achieved by
using an optical feedback from an external grating in a Littrov configuration [98, 99].
Measured linewidths of the probe, repump and cooling lasers are 1.9, 2.1 and 2.0 MHz,








































Figure 6.3: Schematic of the laser setup used in the experiments. Polarisation of all
the beams are controlled by wave-plates (not shown).
atomic linewidth of 6MHz, the linewidth of the laser is narrow enough. A schematic
of the lasers used in the experiment is given in figure 6.3. The details of the setup are
explained in the following section.
6.2 Locking Schemes
6.2.1 Laser Frequency Stabilization Scheme
The frequency of the lasers are locked to either direct transitions between atomic levels
or the cross-overs from different spectral lines of Rb in atomic vapour cells by means of
Doppler-free saturated absorption frequency modulation spectroscopy technique [100,
101]. The beams are frequency modulated via an electro-optical modulator (EOM) with
a tank circuit, which has a resonance frequency of 20 MHz. The laser setup is shown in
figure 6.3. Firstly, the ellipticity of the beam from the ECDL is corrected by anamorphic
prism pair and than an optical isolator with a 30-60 dB isolation prevents optical
feedback to the laser diode. The beam after the isolator is split into two branches. One
branch is used for locking the laser frequency. The other branch passes through an
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acusto-opticl modulator (AOM) for final tuning of the beam twice. A polarizing-beam
splitter (PBS) and a quarter-waveplate (QWP) are used in order to make double pass of
the beam through the AOM efficient. The AOM does not only tune the final frequency
of the beam, but also act as an optical switch of the beam. The extinction of such
an optical switch is around 40 dB for the 1st order from the AOM in a double-pass
configuration.
The probe laser has two ends; one is for probing the Rb atom and the other one
is for locking the transfer cavity. There are two AOMs in order to separately tune the
final frequency of these two branches. The probing beam should be locked to cycling
transition of 87Rb. The frequency of the beam for locking the transfer cavity can be
tuned in a way that the beam that is frequency locked by means of transfer cavity
has the right frequency for the main cavity. The details of the locking the cavity is
explained in section 6.2.2.
The cooling laser for the magneto-optical trap (MOT) is locked to F = 2 to F ′ = 1
transition on the D2 line. The optimal red-detuning for maximal cooling is around 4
times the atomic linewidth [102]. In order to tune the cooling beam to this frequency,
the beam frequency is shifted 396 MHz from the locked transition by using the double
pass configuration AOM. In this case the detuning is red an 24 MHz from the closed
cycling transition.
The repumper laser for the MOT is locked to F = 1 to F ′ = CO12 on the D1
line, where CO12 is the cross-over transition between F ′ = 1 and F ′ = 2. Then, the
frequency of the repumper beam is shifted 408 MHz upwards by a double-pass AOM
configuration. The final repumper beam is on resonance to transition from F = 1 to
F ′ = 2 on the D1 line. Figure 6.4 shows the mentioned transitions on D1 line of 87Rb
and 85Rb.
After creating a MOT, either red or blue detuned FORT technique can be used to
trap a single pre-cooled atom [103, 104, 105]. The FORT laser is to be determined at
a later stage after the observation of the MOT at the center of the main cavity. As a
preparation, we explored three different lasers that can be used to trap a single atom,
one blue detuned from the resonance frequency of the atom and the other two are red
detuned. Blue detuned laser has a wavelength of 770 nm and the cavity mirrors are 98%
reflective at this wavelength. Since blue detuned FORT beam will cause a repulsive
potential for a two-level atom, the spatial profile of the beam should be a doughnut
84
6.2 Locking Schemes
Figure 6.4: Spectroscopic lines of the D1 transition (795 nm) where the repumper
beam is locked to. The repumper is locked to the cross-over transition 5S1/2F = 1
→5P1/2F ′ = CO12 of 87Rb (blue) and shifted to the transition 5S1/2F = 1→5P1/2F ′ =
2 of 87Rb (red).
shape. This can be achieved by exciting first order Laguerre-Gaussian mode as the
cavity mode, i.e., TEM01 mode. This mode can be excited predominantly by adjusting
the divergence of the input mode. The advantage of using such a FORT beam is that
the laser frequency can be locked by using a Potassium reference cell to one of the
D1 line transitions. By bringing the frequency to a resonance frequency to the main
cavity by using a wideband electro-optical modulator, the main cavity can be locked
to this frequency stabilized FORT beam, which would have the advantage that there
is no need for a transfer cavity.
The second alternative FORT scheme involves a laser with a wavelength of 980 nm,
where the cavity exhibits an overall transmission of 92%. A free running laser diode
at this wavelength is sufficient for creating the desired trapping potential. However
the power of the laser has to be stabilized, as fluctuations in the power may cause
parametric heating and lead the atom to be kicked from the trap [106]. Since the
laser is very far detuned from the atomic resonance, a very large power is needed for
efficiently trapping the atom. Fortunately, a sufficiently large power (∼ 300 mW) laser
diode at this wavelenegth is commercially available because this wavelength is used to
pump cryogenic fifiber lasers for telecommunication purposes.
A third alternative way to trap atoms involves a laser at 810 nm, which is relatively
closer to the resonance. But since the cavity mirrors are highly reflective (97%) at
this wavelength, a standing wave will form within the main cavity which will result in
trapping of atoms at the antinodes of the standing wave. For both laser options at 980
and 810 nm, a transfer cavity is needed to stabilize the frequency of these lasers. In
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section 6.2.2 the details of locking the main cavity are explained.
6.2.2 Cavity Length Stabilization Scheme
The anaclastic cavity mirrors designed have a radius of curvature of R = 5.5 mm, which
means that at the exact concentric configuration the cavity has an FSR of c/4R = 13.6
GHz. For such a cavity, half a wavelength change of cavity length changes the cavity
resonance 13.6 GHz. In this case, a fine control of cavity length is needed. For this
purpose we attach one cavity mirror to a 3D liezoelectric actuator (PZT), while the
other one is connected to a segmented hexagonal PZT such that any tilt misalignment
can be corrected. Figure 6.5 shows the hexagonal segmented PZT. The details of the
control of cavity mirrors is explained in section 6.3.3. The 3D PZT stage is used for
adjusting the cavity length and the transverse positioning of the mirror for fulfilling
the mode-matching condition. However, since the 3D PZT is a 40 mm long piezo stack
of shear actuators, it is vulnerable to mechanical vibrations on the optical table. The
reason for chosing a shear plate stack is that it has a high resonance frequency and
ability to have a fast lock to compensate for acoustic noise.
The linewidth of the cavity, at a cavity length range where the diffraction loss is
not significant, is 25 MHz. However, as explained in section 5.3 the maximum cavity
cooperativity value corresponds to a focusing parameter of 0.365. At this focusing
parameter, the cavity linewidth is 31 MHz. Vibrations cause the change in cavity
length and consequently the free spectral range of the cavity. This results in a jitter of
the transmission peak around the resonance frequency. However for a clear indication
of a trapped single atom, the fluctuations in the cavity transmission should be less
than 10% of the transmission linewidth such that the reduction in cavity transmission
at resonance frequency, at the presence of a trapped single atom can be observed.
Another factor that should be considered is the finite temperature of the atom at the
FORT. The cavity QED calculations are done by assuming that the atom is strictly
located at the focus of the beam. However, due to finite temperature of the atom, it
oscillates around the focal point. This effect reduces the strength of the interaction
significantly [107]. In this case, in order to be in the safe regime for detecting a single
atom, we restrict the maximum allowed fluctuation of cavity resonance to be ∼ 3 MHz.
Another effect that should be considered for a clear indication of a trapped single
atom is the electrical noise at the PZT input. The 3D PZT has a full range of approxi-
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Figure 6.5: Photo of hexagonal segmented piezo. The expansion of each segment
individually results in he angular control of cavity mirror.
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mately ±4.65 µm with an input voltage of ±250 V. Assuming that the response of PZT
with respect to applied voltage is linear in this range, the PZT changes the resonance
frequency of the cavity 652 KHz per 1 mV applied voltage. In this case the noise of the
applied voltage should be less than 5 mV. We use a home-made high voltage amplifier
(HVA) board that has a gain of ×25. The input range of this HVA is ±10 V, which
means that the voltage at the input of the HVA should have a noise that is less than
0.2 mV. After this noise limitations are addressed, the 3D PZT can be used as a tool
for locking the cavity length by using Pound-Drewer-Hall (PDH) technique [108]. The
schematic of the setup exploiting this technique for locking the cavity length is shown
in figure 6.6.
6.3 Vacuum Setup
Low pressure in the ultra high vacuum (UHV) regime is necessary in atomic physics
experiments in order to isolate the atom from the environment. Such a low pressure is
not only needed for trapping single atom but also to form a MOT as a supply of cold
atoms in the first place. The collisions with the background gas particles limits the
pre-cooling (by MOT) of the atom and also shortens the trap life time of the atom [109].
The vacuum chamber (see figure A.1 in A) consists of a cube with eight flanges, which
connects the ion pump, copper tube for turbo pump used for initial roughing of the
recipient, a titanium sublimation pump, pressure gauge, two electrical feed-throughs
for the segmented and 3D piezo signals, an electrical feed-through for Rb dispenser, an
optical window and a glass cuvette. The glass cuvette is first mounted on a pre-milled
flange by placing 1 mm thick indium wire. Once we reach ≈ 10−7 mbar we apply epoxy
around the glass-flange interface in order to give a mechanical support to the cuvette.
The copper tube is initially connected to a turbo pump and, pinched and sealed after
high vacuum is achieved such that the ion pump can maintain the pressure itself.
The chamber is baked for 3 days at 150◦C with a temperature gradient such that
the temperature at glass cuvette is less then 80◦C. Then we turn on the ion pump
with a pumping speed of 42 liter per second and fire the titanium sublimation pump
(several times if required). By following this procedure, a pressure of ≈ 10−9 mbar
is readily achievable. Before the baking process we measure the minimum achievable




































Figure 6.6: Cavity locking diagram for 810 nm locking laser. ECDL- external cavity
diode laser, EOM- electro-optical modulator, AOM- acousto-optical modulator, QWP-
quarter wave plate, DM- dichroic mirror. Probe laser is locked to one of the D2 line
transition and one branch of the split beam is used for locking the transfer cavity and




This gives an idea about the expected pressure of the final chamber. The preliminary
tests indicate that the limiting element for the minimum achievable pressure is the 3D
piezo assembly around ≈ 10−9 mbar. With all the other components we do achieve a
pressure of ≈ 10−11 mbar. The reason for this is probably the poor baking of the 3D
piezo before the pressure test. After longer baking (∼ 3 days) of the 3D piezo at 150◦C,
a pressure of 7× 10−11 mbar is achieved with the piezo inside the chamber.
6.3.1 Rubidium dispenser
Rubidium gas is evaporated by resistive heating into the chamber from SAES Getters’
Alkali metal dispenser when heated above 200◦C by passing a current through it [110].
The operating current is kept within 2 to 4.5 A. For the first time use, a large current
(> 4 A) should pass through the dispenser in order to begin evaporating Rb into the
chamber. The current needed to release Rb atoms into the chamber gradually reduces
by passing current over time. During the bake-out of the chamber the surface of the
dispenser is perhaps contaminated. In order to release the contamination on the surface
of the dispenser a current of 5 A is passed through it for a short period of time (around
ten seconds).
6.3.2 Rubidium Contamination
A cavity QED setup prepared with the properties above is shown in figure 6.7. For
the cavity we used anaclastic mirrors. Before placing the cavity setup in the vacuum
chamber we measured transmission of 16.1%, a finesse of 550 and a linewidth of 25
MHz with a 1.14 mm collimated input beam waist. The transmission dropped slightly
(15.4%) after putting the cavity in the vacuum chamber. This can be attributed to the
reflections from the outer surfaces of the cuvette, because only the inner surfaces of the
cuvette are anti-reflective coated.
In order to see fluorescence with a beam of 6 mW power and 780 nm wavelength,
8 A of current is passed through 2 parallely connected Rb dispensers for 30 mins. We
have seen the flourescence from Rb atoms with a CCD camera. However, after this the
transmission dropped to 6.5%, finesse dropped to 461 and linewidth increased to 30.1
MHz.
After one day we pass 3.4 A current through two parallely connected Rb dispensers
around 2 hours in order to align the MOT beams. There was no change in transmission
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Figure 6.7: Nearly-concentric cavity with L ≈ 11 mm. The pair of anaclastic cavity
lenses allows both good mode coupling and strong coupling. Shear plate stack and
segmented piezos allow positional and angular contol of the mirrors, respectively.
91
6. EXPERIMENTAL TECHNIQUES
Figure 6.8: A shear plate stack piezo actuator is mounted on the titanium holder to
control three-dimensional position of one mirror. The mirror is not glued to the the
piezo yet, as it can be glued only after the cavity is aligned.
and finesse. However after one day the transmission and finesse dropped to 2% and 232,
respectively, and linewith increased to 60.3 MHz. A very likely reason for the change of
the transmission and finesse is the Rb atoms stick to the mirror surfaces and increase
the scattering loss of the mirrors. Eventually we disassembled the vacuum setup and
designed shields to prevent the Rb atoms to reach the mirror surfaces directly (without
collisions). The geometry of the titanium shields can be seen in figure 6.7. The shields
and all the holders within the vacuum chamber are made of titanium since it has lower
thermal expansion coefficient than aluminum and are non-magnetic. Any magnetic
material may shift or distort the magnetic field zero point created by the quadrupole
coils for forming a magneto-optical trap.
6.3.3 Control of Cavity Mirrors
Alignment of the cavity length and the transverse and angular alignment of the mir-
rors require both angular and translational control of the cavity mirrors. We use two
piezoelectric actuators , namely, a 3D piezo to control the position of one mirror in the
transverse and optical axis and a hexagonally segmented actuator for angular control
of the other mirror such that there is no relative angular difference of the two mirrors.
6.3.3.1 Position Control of One Cavity Mirror
To control the position of one mirror, we mounted a piezo actuator based on a shear
plate stack (model: P-153.10H) such that the center of one mirror can be aligned
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with respect to the center of the other mirror and the cavity length can be adjusted
accordingly. This actuator exhibited a travel range of ±4.65 µm in 3 dimensions with
an input voltage of ±250 V. Figure 6.8 shows a photo of the after mounting on the
holder.
6.3.3.2 Angular Control of the Second Cavity Mirror
For the angular control of the mirror we use a hexagonal segmented piezo. This piezo
has 6 independent segments such that the expansion of each can be controlled individ-
ually. Figure 6.5 shows a photo of this piezo. The doughnut shape allows the optical
access through it. The piezo has 2 µm moving range with an input voltage of 200 V.
In order to have two degrees of freedom for each segment we align the cavity when all
the segments of the piezo are at half range, i.e., 1 µm away from relaxed position.
6.4 Magneto-Optical Trap
Trapping of a single atom can be done by using a far-off resonance trap (FORT).
However, FORT provides a conservative potential and requires pre-cooling of the atom
since the kinetic energy of the atom should be smaller than the trap depth. This can be
done by a magneto-optical trap (MOT) technique; the details of this well-established
technique are not covered here as there are many excellent sources available [102, 111,
112] since the early realization of it [113, 114]. For loading a single atom into a FORT,
there is a need for large enough density of pre-cooled atoms around the FORT such
that the the loading rate is reasonable.
We use a three-dimensional magneto-optical trap (MOT) [115, 116] to cool down
and trap a cloud of 87Rb atoms at the center of the cavity. There are three beam pairs
in the MOT setup, one in x-axis that passes through the cuvette and the glass window
and other two are in y-z plane with an angle of ≈ 10◦ between them. Figure 6.9 shows
the geometry of the magneto-optical trap beams and coils. Ideally, the angle between
these two pairs of beams should be 90◦, however the mirror shields limit the maximum
angle the beam pairs can have between them. This angle restriction is discussed in the
next section in details. Initially, a repumper beam is coupled to same fiber as the MOT
cooling beam and split into three and each of them are rotated to circular polarization
by a quarter wave plate. Each MOT beam consists of cooling light at 780 nm and
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repump light at 795 nm, both circularly polarized. The cooling light is 24 MHz red
detuned (δ = −4Γ) from the 5S1/2, F = 2 to 5P3/2, F = 3 transition of the 87Rb atom
to Doppler cool and trap the 87Rb atoms [2, 117, 118]. The repump light is resonant
with the 5S1/2, F = 1 to 5P1/2, F = 2 transition in order to optically pump the atoms
back to the 5S1/2, F = 2 ground state in case the atoms fall into the inaccessible ground
state 5S1/2, F = 1 [116]. The linewidth of each laser is less than 2 MHz with a long
term central-frequency stability of about 1 MHz. In our setup, the retro-reflected beams
are coupled back into the single mode fiber to form a pair counter-propagating MOT
beams. The waists of the beams are ≈ 0.5 mm. We typically use a cooling light power
of ≈ 100 µW for each pair of MOT beams. A total power of 100 µW of repump light is
typically used. These values of MOT beam powers have been tried before in a similar
MOT geometry [67]. During the transmission of the cooling beams through the cuvette
the power is reduced, especially at the x axis while passing through the uncoated glass
window. In order to balance the maximum intensity of the counter-propagating beams,
they are slightly focused.
These three pairs of cooling and repumper beams form an optical molasses, however
there is a need for trapping mechanism for gathering a cloud of cold atoms at the center
of the cavity. In order to trap cooled atoms, a trapping potential is formed by exploiting
the Zeeman shifts caused by a magnetic field minima [119, 120]. The quadrupole field
is created by a pair of coils in an anti-Helmholtz conguration which generates a eld
gradient of 7 Gauss cm−1 along the x axis and 3.5 Gauss cm−1 along the y and z axes
at the centre of the trap. Three pairs of Helmholtz coils are placed along the x, y and
z axis, additionally to zero the magnetic eld at the center of the MOT.
6.4.1 Observation of MOT
Ideally, the counter-propagating MOT beam pairs should be orthogonal to each other [112].
However, the geometry of the cavity and the shields restrict the maximum angle that
the MOT beam pairs can have at the y-z plane. This restriction is illustrated in fig-
ure 6.10. Such a small angle between two counter-propagating cooling beams result in
an elliptical shape of cold atomic cloud instead of spherical. The distorted shape of
the atomic cloud is an indicator of inhomogeneous cooling of atoms with respect to the
center. However, as the aim of the experiment is to trap a single atom at the center of
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Figure 6.9: The core of the setup including a magneto-optical trap, a cuvette attached
to a vacuum chamber, the cavity mirrors, and the relevant light beams used for trapping
the atom and performing the experiment (the mirror holder and PZTs in the cuvette







Figure 6.10: The titanium mirror shields and the maximum angle that MOT beam
pairs in y-z plane can have.
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Figure 6.11: Photo of the burnt kapton wires connected to the 3D piezo, that were in
the vacuum chamber.
the cavity for cavity QED experiment, the shape of the cloud and the homogeneity of
cooling around the center is not significant.
We tried to observe the MOT with a background pressure of 8 × 10−9 mbar. The
pressure increased to ∼ 3 × 10−8 mbar when we passed ∼ 5 A current through two
parallely connected rubidium dispensers. From our previous experiences, the typical
change of pressure by passing such a current should be in the order of 10−9 mbar.
Subsequently, we could not observe the MOT with this setup and we disassembled
it. The kapton wires connected to the 3D piezo were very close (or touching) to the
rubidium dispensers and there was dark stain on the wires suggesting that the wires
were burnt. The kapton wires are ultra-high vacuum compatible up to 200◦C but have
not survived the high temperature near the rubidium dispenser. Figure 6.11 shows the
photo of the burnt wires.
After this, we prepared a test setup for observing the MOT when there is ≈ 10◦
between the two beam pairs at the y-z plane, without the cavity in the chamber. We
observed the MOT with a CCD camera placed vertically at the y axis with a background
pressure of in the order of ∼ 10−10 mbar. After this we placed the cavity with the
titanium shields and repeated the experiment, and observed the MOT with the MOT
parameters given in section 6.4. A photo of cold atomic cloud that is captured by a
CCD camera from top view is shown in figure 6.12a and the zoomed photo of the MOT
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is shown in figure 6.12b. This results suggest that the background pressure was too
high for creation of MOT. The background pressure should be maximum on the order
of ∼ 10−9 mbar in order to gather a cold cloud of atoms at a size that can be observed





Figure 6.12: a) Photo of the MOT captured from top view. The brightness surrdound-
ing the MOT is the scattering of the MOT beams from the titanium shields. Red arrow
shows the position of the MOT. b) Zoomed image of the MOT. The diameter of the




Conclusion and Future Outlook
It has been shown that strong interaction of cavity field with a single atom is possible
with a near concentric cavity. The diffraction loss limits the finesse of the cavity at the
near-concentric regime. However, aberrations in the optical system cause the coupling
of the input mode to higher order modes and limit the coupling to the fundamental
mode of the cavity. Excited higher order modes are very close to each other and
the fundamental mode. The modes eventually overlap and the overall transmission
linewidth appears to be broadened. This effect makes it difficult to observe normal-
mode splitting due to the interaction of the cavity mode with a single atom. A numerical
simulation was performed to quantify the affect of the aberrations to the linewidth
broadening and it is concluded that one needs to eliminate the aberrations in order to
perform cavity QED experiments.
We suggested an aberration-free cavity lens/mirror design such that the mode-
matching is done with one surface and the second surface is a cavity mirror. The
optical characterization results of this design cavity shows that the cavity is diffraction
limited, and aberrations are not significant to affect the transmission linewidth (finesse).
Estimated cavity QED parameters of this cavity shows that large cavity-single atom
cooperativity values up to 150 should be achievable. The fact that this cavity has large
mirror separation and cavity volume makes it possible to gather the MOT at the center
of the cavity. This is advantageous in a sense that the trapping of a single atom can
be done by FORT technique without a need for the free-fall of the MOT atoms. Large
mirror separation also makes it possible to trap a single ion at the center of the cavity
since the materials are far apart from the center of the cavity. In order to achieve strong
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interaction of cavity-atom, there is no need for sophisticated dielectric coatings of the
mirror surface or fiber-based cavity systems, which are hard to fabricate and stabilize.
The observation of MOT at the center of the anaclastic cavity shows that it is
feasible to perform cavity QED experiments with this setup. An expected extinction of
cavity transmission up to 98.8% at the presence of a trapped single atom at the center of
cavity appears to be achievable. Therefore, it is highly encouraging to prepare a setup
to observe normal-mode splitting with this cavity. The simplified mode-matching and
alignment of this anaclastic near-concentric cavity make the near-concentric cavities a
strong candidate for performing cavity QED experiments. Such a cavity is a candidate
for solving the scalability problem of the quantum experimental setups, which is a step






Figure A.1: The photo of the cavity setup with angular and 3D control of the mirrors.
Figure A.2: The connections of the segmented piezo that gives angular degree of free-
dom to the cavity mirror.
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Figure A.3: 3D piezo within the main holder. It controls the three dimensional motion
of the other mirror (±5 µm).
Figure A.4: The overall look of the cavity mirror holder and the conical shields. All of
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